MuddepeninasbHad reoMeTpHA H IJICEMeCHTBI 
TONOJOINH B 3aadax, PHCyHKaXx 
KOMMeHTapHaAx 


YueouHoe mocodne 


Coctaputelb: H. B. Tumodeesa 


IlocoOne npeyHa3Ha4ueHo JIA CTYCHTOB cClleljMasbHOocTen "MatrematuKka", "On3uKka" u 
"Vadopmatuka" Cc JJONOJIHMTeIbHOM CielMasIbHOCTBIO "Matematuka". OHO coyepoKuT 3aa4H 
10 pa3yeamM WuddepeniMasIbHOM TeEOMeTPHH U 3IEMCHTAaM TOMONOrMU, HEOOXOJMMBIe 
TeopeTHYeCcKHe CBEJIEHHA, IIPHMePHBIH IJIaH JIEKIMM, KOMMeHTapnu, MOTHBUPOBKH HU IIpuMepsl, 
a TakoKe OOJIbII0e KOJIMYeECTBO pucyHKoB. IlocoOue HallesIeHoO Ha CTpyKTypupoBaHue 3HaHHhH, 
IOJTY4aeMBIX CTYCHTAMH, MNOBbIMICHHe YPOBHA NOHUMAaHMA (AKTOB HU TEOPeM MaTeMaTHKH (HU He 
TOJIbKO TEOMETPHN) HW M@EXKIPeMeTHBIX CBA3eCH, Pa3sBUTHe IpOCTpaHCTBeHHBIX Mpe/iCTaBJICHUH. 
Kpome 9TOrO, OHO COJepxKUT OTBETHI Ha BOIPOCHI, YaCTO 3ajJaBaeMble CTyYJCHTaMH. 
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Buomnorpaduyeckui CUMCOK 
OO 3TOM JIOKYMEHTe ... 


BBezenne 


e Hactosjee nocoOuve, NOATOTOBJICHHOE B OJ epxKKy JIEKIMOHHO-IIpakTH4YeCKOrO Kypca 
TuddepeHiMasIbHOH TEOMeTPUH UM IIEMeCHTOB TOMOJOIMU, COJepxKUT 3aja4n 0 
pa3yqelam JuddepenwMasbHOU TeOMeTPHH U BJIEMeHTAaM TOMOJIOrMU, HEOOXOMMBIe 
TeopeTH4yecKHe CBEJICHHA, IIPMMepHBI aH JIeEKUMM, KOMMeCHTapHn, MOTHBUPOBKH U 
IIPHMepBI, a TaK2Ke aHasIOrMu U3 Kypca (PU3HKU U MapaswiesIM C KYPCOM MaTeMaTHYeCKOrO 
aHasu3a UW pyruMu Kypcamu reometpunu. IlocoOue HallesIeHo Ha CTpyKTypupoBaHne 
3HaHHH, MOJTY4aeMBIX CTYCHTAaMH, NOBbIMNeHHe YNOBHA NOHUMAaHuA (PaKTOB HU TeEOpeM 
MaTeMaTHKH (UU He TOJIBKO FEOMeTPHM) HU MeXKMpeJIMeTHBIX CBA3eH, pasBuTHe 
IIPOCTpaHCTBeHHBIX MpeJICTaBJICHHH HU, BO3MOXKHO, IpoOyxeHve MHTepeca K 
MatemMatTuke. Kpome 9TOro, OHO COJepxKUT OTBETHI Ha BOMPOCHI, 4YaCTO 3ajaBaeMBbIe 
CTYJICHTaMH. 

e I[locoOuve cocTONT 43 JBYyX TlaB, IepBad 13 KOTOPBIX COepxKUT OoIee COBPeEMeHHBIM 
MaTepHall MW MOCBALIeHa 9JIEMCHTaM TONOJOIMH, BTOpad - Kiaccu4ecKue TeMBI 
TuddepeHiMasIbHOH TeEOMeTPUU: TEOPHEO KPMBbIX Ha WJIOCKOCTH U B IIpOCTpaHcTBe U 
TCOPHIO MOBepxXHOcTeH. KaxkbIM pa3jeJl BKIIOUaeT BOIIPOCbI TEOPUH - IIPHMepHbIM W1aH 
JICKIMOHHOrO Kypca; OCHOBHBIe OMpeesICHUA, Pe3yJIbTaTbI, KOMMeHTAapUH - MaTepualibl, 
IIPH3BaHHble MOMOUb CTYACHTY B OCMBICJICHHH OCHOB H3y4aeMOUW HayKU UW HEOOXOJIMMBIe 
JIA PeCMICHHA 3aa4; PUCYHKH, NOJ[Kpernsarolujue reoMeTpHueckne (akTbI UW KOHCTPyKUMU 
WM, HaKOHEL, 3a,a4 pa3sIM4YHOTO yPOBHA CJIOXKHOCTH. 

e Bcnuiy cneuu®duKkn u3y4aeMoro IpeyMeta CBA3H C MATCEMATHYeCCKUM AaHaJIv30M U 
aHaJIMTUYeCKON TeEOMeTPHeH OCTAFOTCA OUCH TECHBIMH Ha IIpOTHKEHHU BCero Kypca. 
3aa4u He TOJIbKO "TPeHUpyIOT" YMeHHe JOKa3bIBaTb OMpejsesIeHHble (akTHI U 
BbIUUCJIATh XAPAKTEPHUCTUKU TEOMETPHYECKUX OOBEKTOB, HO UW 3HAKOMAT C HOBBIMH JIA 
CTYJCHTa OOBECKTAMH VW KOHCTPYKUMAMU TONMOJOrMM U WuddepeHuMasbHOu reoMeTpHH. 
HekoToppie 43 HUX IpeywlaraeTca MOCTPOHTb CAMOCTOATEIBHO, HCHOIb3yA OIMCaHue, 
JJaHHOe B TEKCTe 3aa4H. 

e BevIM4vHbI UW KOHCTPyKUMU DWMddepeHiMasbHOK TeOMeTPHH U TOMOJOrMU YacTO UMeCIOT 
Hara JHy!O MHTeplipetalluto (HalipuMep, rayccOBa KpHBU3Ha MOBEPpXHOCTH B ee TOUKe 
IponopluwoHalbHa JedeKTy MaJIOTO Teoe3H4eCKOLO TpeyrOJIbHUKa B OKPeCTHOCTH 3TOK 
TOUKM), peasM3yIOTCA B PU3H4eCKUHX poteccax (MOBepXHOCTH, OMMChIBaFOlIMe (POpMy 
MbIJIbHbIX IJICHOK, HMCFOT HYJICBYIO CpeHIOIO KPUBU3HY - 3TO TpeOOoBaHHe 
MUMHUMA@JIbHOCTH NOTCHIMAJIbHOM DHEPprHuu) U B WpakTH4eCKON JICATCJIBHOCTH 4YeIOBeKa 
(3aqauu KapTorpadun UU apxuTeKTypBsl). 

e Muorne (xoTs Jaeko He BCe) OOBEKTHI AHdepeHuMasbHOU reoMeTpHU U TONOJOrUU 
HeTpyHHO cee NpejICTaBUTb UII HapUCOBaTb; OHV CBOCOOpa3HO KpacuBbl. MarematTuka 
BbICTYHaeT elle H CpeJICTBOM JIOCTWXKCHHA XYO2KCCTBCHHOUM TapMOHUA, a TAKKE MOXKET 
ObITb CTHMYJIOM K Hay4YHOMy HU ICTETHYCCKOMY TBOPUECCTBY. 


[naBa 1. DIeMeHTbI TOHOJOINH 


Hoypa3qen 


e Bormpocbl Teopuu 
e OCHOBHBIe ONpeesICHUA, Pe3yIbTAaTbl, KOMMeHTapun 


- Bormpochi Teopun 


e TomosorMmueckoe IpocTpaHcTBO. BoO3MO2KHOCTh BBCACHHA Pa3JIMYHbIX TOMOJIOTHYeCCKUX 
CTPyKTyp Ha OJJHOM HU TOM 2Ke MHOxKecTBe. ba3a ToMOuOrMu. AKCHOMBI OTJICJIMMOCTH. 
XayCOpMoBo TONOJOrMYeCKOe IpocTpaHcTBO. Metpuyeckoe MpocTpaHcTBO Kak 


TONOJOrH4ecKoe IpocTpaHcTBo. Kiaccuyeckad MW KOHICHTpu4ecKad TONOOTHH Ha 
IIpAMOM UW WIOCcKOcTH. HenpepprBpHoe OTOOParxkeHHe TOMOJIOFMYeCKUX MpOCTpaHcrTB. 
CBOMCTBAa HelIpepbIBHBIX OTOOpaxKeHuH. TOnOOrMa - CTpyKTypa, 3aarollad OIM30CTb 
TOUCK: POJIb TOMOJOPMM B MaTeMaTHYeCKOM aHasu3e. omeomopdu3m. ToMeoMOpq@HOcTb 
TONOJOFM4eCKHX IIpOCTpaHcTB Kak OTHOMIeCHHe IKBUBAJICHTHOCTH. IlonaTue 
TONOJOrM4ecKoro MHOrooObpa3na. Tomouoru4eckve MHOTOOOpa3HA C Kpaem. 
Pa3MepHOcTb TONONOTMYeCcKOrO MHOrooObpa3ua. Tonosormueckne NOAMHOrooopa3uA 
pa3MepHocteii | u 2 B BelIeCTBeHHOM eBKJIMJJOBOM IIpocTpaHcTBe. OpveHTupyemMBble u 
HeEOpHeHTUpyeMble WOBepxHocTH. Tononormyeckad KiaccuduKkallua WOBepXHOCTel. 
IloHaTve TpvaHrysIAUMu TONOJOTHYeCKOrO MHOrooOpa3ua. XapakTepucTukKa Jiiiepa u 
ee TONONOrMMY4ecKad MHBapHaHTHoOcTs. IlonsTue WuddepeHuupyeMoro MHOrooopa3n4A. 
Koopamuatubie (yHKUMH UW PyHKWMU Hepexosa. IIpumepsi AuddepeniuuMpyeMbIx 
MHorooopa3ni. TonosoruueckHe 3PMeKTHI B (PU3HKe (BUXpeBble HOTOKH B aTMOC(epe, 
BO3MO2%KHAaA AHH3OTPOMHA PCMMKTOBOTO H3JIVIeHH4). 


OcHOBHBIe OIpPCICICHHA, PesyVJIbTaTbI, KOMMCHTAapHu 
(X,7) 

Tonolo2zu4ecKumM npocmpaHcmé6om Ha3bIBaeTCA MHOXECTBO AX, B KOTOPOM 

3a(UKCHPOBAaH KIacc TIOJMHOXKECTB, Ha3bIBACMBIX OMKPbIMbIMU, YIOBJICTBOPAIOMIM 

CJIeJLYFOUeM CHCTeMe AKCHOM (aKCHOMBI TOMOJIO‘MU JIA OTKPBITbIX TOJIMHOKECTB): 
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3. [14 HOOOrO Habopa , BbIMOJIHeHO 
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AY. [na str000ro0 KOHeYHOZO Habopa , BbIIIOJIHeCHO 


DJIEMEHTHI MHOXKECTBA A HA3bIBAFOTCA MOUKAMU, KIIAaCC T- MONOMOZUeU HA MHOXKECTBE 
XxX. 

TpeOopaHue KoHeyHOCTH B 4" aBnaeTCA CyLIeCTBeHHBIM. B caMoM Jlese, paccMoTpuM 

YAMCIIOBY!O IPAM YEO, KJIACC OTKPBITbIX MHOXKECTB KOTOPON OlIpeylesIeH MPUBbIMHBIM V3 

Kypca MaTeMaTHYeCKOLO aHaliu3a CIOcoboM. Taka TOMOJOrMA Ha YACHOBOK IpaAMOH 
(—1/2,1/2)72, 

Ha3bIBaeTCA KaccuYecKOU. CUCTeMa BJIOXKCHHBIX MHTEPBAJIOB oOmalaerT 

{OF 

e€MHCTBCHHOM OOMIeEM TOUKOM . ONHOTOUEYHOe MHOXKECTBO Ha YUCIIOBON IpAMOM He 

ABJIACTCA OTKPBITHIM B KJIACCHYCCKON TOMOJIO“MH. 

Ha OJJHOM UM TOM 2Ke MHO2KECTBE MOTYT OBITb BBECHbI Pa3sIM4Hble TOMOJOIUH. 


0 


Harpumep, C4UHTad OTKPBLITbIMU Ha YHCJIOBON TPAMOM TOJIbKO MHOXECTBA BUJIOB _ , 
(=i: a) (ae: 00) 

u , WOJIYYUM KOHYeEHMpUuYeCcKyIO MonoNoeuiO. OO‘ABIIAA OTKPBITBIMU 
mrHOObIe OOLEAMHCHUA OJJHOTOUCYHEIX TOJIMHO2KECCTB JIKOOOrO MHO2KeCTBa A, a TAKKE 
ITyCTOe MOJMHOXKECTBO HW camMoO AX, NOYIMM OUCKpemHyIO MONO NOZ2UIO, TIPEBpalllarOlllyto 
MHOXeCTBO A.B NPOCMPAHCM6O UZONUPOGAHHbIX MOUEK. 

Mempuyeckum npocmpaucm6om Ha3bIBaeTCA MHOXKECTBO AX, CHaO*KeHHOe PYHKIMev 
d: XxX -—-R 
, YAOBJICTBOPAOMeH CIIeXYIOWIMM aKCHOMaM (aKCHOMBI paccTOsHHs): 


| d(p,q) = 0 eM 
1°. 3uaxoonpedeneHnocmp: JIA JKOOBIX TOUeK u ; 


) d(p, q) =0 p= q. 
3° Heevipoocoennocmp: TOra HW TOIbKO Tora, Kora 


d(p, q) a d(q,p) pe A ge 4 


3°. Cummempuuynocmo: JIA JOOBIX TOUeK ul 
d(p, q) == d(q,r) = d(r,p) PE x 
A". Hepaeencmé6o mpey2osbnuKa: JIA JEOOBIX TOUCK ; 
gqEeX rex 
u 


OyHKWHA dHa3zbiBaeTcaA ~@ynHKYyUeU PACCMOAHUA, WIM MeMpuKOU. 
Merpwyeckoe TIpoctpaHcTBo ABJIAeTCA TOMONIOTHYeCKUM. NaayuMpoBaHHad MeTpHKON d 
TONOJOFNA Ha MHOKECTBE A OMpeeIAeTCA CUETYHOMLUM OOpa30M: OObABHM OTKDPBITbIMH 


iF 


TOJIMHOXKeCTBa =A BCCEBO3MO2KHbIe OObEAMHCHHA TOJMHOXKECTB BUA 
B,(p) :={q € X|d(p,q) < a} rails 
JIA BCCX MOJIOXKUTEIbHBIX UUCeI aH TOUeK 
Bemoumenve akcuom 1°- 4”? ronomorm4eckoro MpocTpaHcTBa HeETPyIHO IIpoBepHTS 
CaMOCTOATEJIBHO. 
Jlaneko He BCAKOe TOMOJOFM4eCKOe IPOCTPpaHCTBO JIOIYyCKaeT METPUKY, TaKYIO, UTOOBI 
TONOJOFNA OIA MHAYUMpOBaHa ITOM MeETPHKON. 
pe (X,7T) ie 
Ilyctb - TOUKAa TONOJIOrM4eCKOLO IIpoOcTpaHcTBa . Okpecmuocmpbi0 
PB = Pp 
TOUKH Ha3bIBaeTCA JtOOOe OTKPbITOe B A TIOJIMHOXKECTBO, COJep»Kalllee TOUKY 
(X,7) 
TonosIoru4eckoe IIpoctpaHcTBo Ha3bIBaeTCA XAYCOOPMoevim, CCIM JIA JIKOOBIX 
Pd@d. 
JIBYX CTO pa3JIM4HbIX TOUCK UW HalyIcA HellepeceKarollMecaA OTKPBITHIEe 
fey foes fay os = 
OKPeCTHOCTH, TO CCTb MHOXKECTBA ui , TaKHe, 4TO 
XayCOPMOBbIMH ABIIAFOTCA, HalIpUMep, YMCIOBad IIpAMad C KiaccCH4YecKON TOMOJOrMeH, 
HOOOe METPHYeCKOe MpOCTpaHcTBO C TOMOJOrMeH, HHAYWUpOBaHHOM MeTPHKOH, a TakxKe 
#000e IIpOCTpaHCTBO H30JIMpOBaHHbIX TOYeK. UucyoBad IpAMad C KOHITEHTpH4eCKON 
TOHOJOrMeH Hexaycyopdosa. 
(LX, 7 To CT, 
Ba3zou monosoeuu npocmpancmeéa Ha3bIBaeTCA MOKIACC TAaKOH, 4TO JIA 


Uer peu 
BCAKOTO OTKDPBbITOTO TMOUMHOKCCTBa WM JIA BCAKOMU TOUKU Hanverca TaKOe 


V ETB pevVvcl 
TIO J[MHO2KECTBO , 4TO 


(Xx 5 ms TB 
Ecunu IIDOCTPpaHCTBO TAKOBO, AUTO HONKIIACC MO?KECT COCTOAThb U3 CHCTHOTO 


X,T) 
Ha0opa NOJIMHOXKeECTB, TO FOBOPAT, ATO seal - NpOcmMpaHcmeéo co cuemHoU Oa3zoU. 
IIpumMep TOMOUOrM4ecKOro IpoOcTpaHcTBa CO CUeTHOK 6a30H JerKO HMOCTpOUuTb. TakoBbIM 
ABJIACTCA UMCIOBAA IIPAMAA C KIaCcCHY4eCKON TONOMOrMen. ba3a TONOJIOrUN MpeCcTaBleHa 
MHTepBasaMH C KOHI[aMH B pall[MOHaJIBHbIX TOUKaX. MHO2#xKeCTBO TaKUX HHTeEPBaJIOB, Kak 
HeTPyHHO BUeTb, CYeTHO. UnTaTesroO WpesaraeTca WOCTPOUTb CUeTHY!O Oa3y 
KJIaCCHYeCKON TONOJIOIMH Ha MJIOCKOCTH. 
f :(X,r) + (Yo) 
Henpepbienbim Ha3biBaeTcaA OTOOpaxeHue TOTMOJIOTH4CCKUX 
f-(U) 
IIPOCTpaHCTB, IPH KOTOPOM BbIIOJIHeHO CiIeyIOMlee CBOMCTBO: Mpooopa3 


Ueg 
KaK]]OrO OTKPbITOFO B MpOcTpaHcTBe Y MOMHOKeCTBAa OTKPBIT B IIPOCTpaHCTBe 


XxX. 


Pf: (4,7) = (16) 
OroOpaxeHue TONOJOPMYeECKHX IIPOCTpaHCTB Ha3bIBaeTcA 
20MeOMOpdu3MomM, eCJIM OHO 
1) HelIpepbIBHO, 
2) B3aUMHO OJHO3HaYHO, 
| 
3) oOsalaeT HelIpepbIBHbIM JBYCTOPOHHUM OOpaTHbIM OTOOpaxKeHHeM 
(X,7) 
HetpyHO 3aMeTHTB, YTO JIA WHOOOrO MpocTpaHcTBa NOCMOAHHOe OMOOparceHue 


e:X — fel fe} 
, rae - OMHOTOYeEUHOe MpOcTpaHcTBoO, HelpepsbiBHO. IIpu stom AWA 
(X,7) 
HOOOrO HEOAHOTOYCYHOLO MpOcTpaHcTBa OTOOpaxkKeHHe cHe ABJIACTCA 
TOMCOMOp@u3MOM (OHO He B3aMMHO OJJHO3HAaYHO UM TeM OosIee He OOpaTUMO). 
OTHOIIeHHe FOMCOMOPMHOCTH B KiIacce TOMOAOrM4eCKHX MpOCTpaHcTB pedsIeKCHBHO, 
CUMMeCTPH4HO HU TpaH3MTHBHO, TO CCTb ABJLACTCA OTHOIMCHHEM IKBUBAJICHTHOCTU 
(70KaxKuTe! ) 
a, on 


OToOpaxeHue TONOJOPM4eCKHX IIPOCTpaHCTB Ha3bIBaeTCA JIOKQIbHbIM 


Pp 
20MeoMopqgu3Mom, CCIM Y KAKION TOUKH = TpoctpaHcTBa AX uMeeTcA Takaad 


ie fie ee : 
OKPeCTHOCTb _, UTO OrpaHH4eHue OTOOpaxKeHHA  OCYIIICCTBJIAeT 
Uy f(Up)CY 
TOMCOMOPu3M OKpecTHOCTH —_—-Ha ee OOpa3 . [Ipu 9ToM poctpaHctTBa XK 
MW ¥ Ha3bIBarOTCA OKAIbHO 2OMECOMOp@HbIMuU. 
(BewecméeHHbIlM) mMonono2ut4eCKUM MHOzZOoOOpa3zuemM (6€3 KPAaA) Ha3blBaeTcCA 
(X,7) 
XayCHOpMoBoO TOMOJOrM4eCKOe IpOCTpaHCTBO CO CYeTHOH Oa30H, KaKTadt TOUKA 
KOTOPOrO OOaaeT OKPeCCTHOCThIO, TOMCOMOPMHON eBKIIMAOBY IpoctpaHcTBy FE”. 
Yncio mHa3bilBaeTCA pasMepHOCMbIO TOMONOFM4eCcKOrO MHOrooopa3na A. 
IIpocreiimumMu TWpuMepamu TOMOJOrM4eCKHX MHOTOOOpa3Hii ABJIAIOTCA UMCJIOBAA 
lIpaMad C KIacCHYeCKON TONOMOTMeH UW CBKIIMJOBa MJIOCKOCTb. bosIee cOJepxKaTesIbHbIM 
IpuMep - JByMepHas cepa S*. B kayectTBe OKpecTHOCTH JHOOOH ee TOUKH BLIOepem 
COJIep2KalllylO STY TOUKY OTKPBITy!O Toycqdepy (puc. |). Lomeomopdu3M OTKpbITOH 
OJyc(epbl Ha KacaTeJIbHY!O MWIOCKOCTh, WapasWIesIbHY!O TWIOCKOCTH JIMHHUM rpaHuipl, 
OlpeyesIMM C MOMOMIbIO CTepeorpaduyeckon TpoekiMu. BerOpas ccbepuyeckue 
KOOPJIMHATHI Ha HOJycdepe payuyca al MOJApPHbIe KOOPAMHATHI Ha IJIOCKOCTH Tak, Kak 
te = Ws pe = actg 
mOKa3aHo Ha puc. | , WoOury4uM: . Llorry4eHHoe oTOOpaxeHne 
HeIIpepbIBHO HU B3AMMHO OJIHO3HAUHO. OOpaTHoe K HeMy OTOOpaxkeHnue 3ajjaeTca 
p=y' = arectg(p'/a) 
(bopMyjlaMu , . OHO HelipepbIBHO, Tak Kak HeIIpepbIBHBI 
3ayjalollue ero PYHKILMH. 


e Puc. 1. Chepa kak ToNONOrM4eCcKOe MHOrooopa3ne 
(BewecméeHHbiM) MonosozuueCcKUM MHOZOOOpa3ueM C KPdeM Ha3biBaeTcA XAaYCIOPMOBO 
(X,7) 
TONMOJIOFMYeCKOe IpOCTpaHcTBO CO CYeTHOHM Oa30H, KaxkK ad TOUKa KOTOpOrO 


IIPHHAWIeKUT OJHOMY 3 JIBYX CJICYFOUIMX KaccoB: 
1) kylacc TOUeK, KaxK ad U3 KOTOPHIX OOayaeT OKPCCTHOCThIO, rOMeEOMOpMHOH 
CBKJIMJOBYy WpoctTpaHcTsy EF”; 
2) KuIacc TOUeK, Kak ad U3 KOTOPHIX OOaaeT OKPCCTHOCThIO, rOMeEOMOPMHOH 
nm = | eats ees - oan aoe - R" |r, = Ot 

IOJLTYHpOCTpaHcTBy eCBKIMJJOBa IIpOCTpaHCcTBa 
rR”. 
TOuKH TepBoro K1acca Ha3bIBarOTCA BHYMPeHHUMU MOUKAMU MHOTOOOpa3uA A, TOUKU 
BTOPOro KuIacca - MOYUKAMU 2paHuyol WIM Moukamu Kpaa. Uucio nHa3biBaeTcA 
pa3MepHocmb?0 TOMONOrM4ecKOro MHOrooopa3na AX. 
IIpuMepamu OJJHOMepHBIX MHOrOoOpa3ni C KpaeM CUyKAT OTPe30K UH NOyupsAMas, 
IIpHMepaMH JIByYMepHBIX - Kpyr u JeHtTa MeOuyca. I panuubl JByx NOcIeqHUXx 
MHOrooOpa3vH TOMECOMOPOHE! OKPyXKHOCTH, B TO BPeMA Kak CaM MHOrooopa3uA 
HeETOMCOMOp HEI. 
J|1d KOHCTpyHpoBaHHA TONOMOIM4eCKUX MHOrOOOpa3uH YacTO HMCHONb3yeTCA OlepaluA 
NPUKIeUeAHUA, 3AKIOUAOIaAca B CllezyrouleM. Ilyctp AU YY - TomOuTOrM4ecKHe 

2x CA 4yvceyY ix LY 
MHorooopa3Ha, : - TIOMMHOXKecTBA, IpH4emM TOMeCOMOpHO 
IlycTb - TOMeCOMOpHUu3M. OTOXKTeCTBIAA KAXKTYIO TOUKY cee 

f(r) € Zy X|[];¥ 

00pa30M , HOJIYIMM HOBOe MHOToOOpa3ne , Ha3bIBAeMOe CKIICUKOU 


MHozoobpa3uu Xu Y¥ 60o01b 2omeomopqdu3ma 
J|1a MOCTPOeHHA C6A3HOU CYMMbI MHOz2zoOOpa3uu AU Y OXMHAaKOBOM pa3sMepHocTu 7 


B, By mee | fee 
BbIOepeM OKPeCCTHOCTH VU TOUCK UY COOTBCTCTBCHHO, 


TOMCOMOPHbIe OTKPBITOMY m-MepHOMy apy. OueBu AHO, rpaHulbl MHOrOoopa3nii 
X\ B. Y\E, Ti a 1 j 
u TOMeCOMOPQHBI ( -MepHou cdepe). Ilyctb — - Kakov-HuOyAb 


ALY 
rOMeOMOpdu3M rpanun. Tora cBa3Had CyMMa MHorooOpa3nu AM 


OlpeyeuIa#eTCA KaK UX CKIIeMKa BJOJIb TOMCOMOpUu3Ma — (pu. 2). 


e Puc. 2. CBa3Had CyMMa TONOJOrMYeCcKUX MHOrooOpa3nit 
e Eekiud0ébiM m-MepHbIM CUMNIICKCOM Ha3bIBaeTCA MHOMKECTBO 


AM — ((@p,81,..-,%. JER" (ep tay t-te, i Ij > 0, 1 ee 


e [-Mepnou 2panoio eekiudoéea cumniekca A™Ha3bIBaeTCA CEBKIIMAOB CHMIIJIeKC 
= = 7 7 = 
A a _t — {(ro; Piss = 6G sie) eC iN Iz, a viet — O, {34,- | oy ae a = Gee = @ mitt 


hese 


a) 6) 


e Puc. 3. a) EBkimyoB cummuiekc 6) TonosorM4uecKHi CHMITICKC 


Tonomo2uvecKuM T-MepHbIM CUMNIeKCOM 6 MHOzoOobpa3suu MX Ha3blBaeTca OOpa3 


cP A ake a 
CBKJIMJOBa m-MepHOro CHMIIJIeKCa IPH TaKOM ero OTOOpaxkeHuu B 
fi dn — F(A") 
MHorooOpa3ve A, TO MHJYUMpOBaHHoe UM OTOOparxKeHue - 
TOMeOMOpu3M. 


B yasibHeHIeM MBI He OyJeM JleuaTb pa3uiH4A B OOO3HAYCHHAX MEK 
TONMOJIOFHYECKUM CHMIICKCOM HM COOTBETCTBYIOILUM CMY CBKJIMJJOBbIM CHMIMICKCOM. 
Pa3sIM4Hble TOMONOTM4ecKHe CuMIMIeKchI A™4n A? Ha30BeM NDUMbIKaIOWUMU 
NPAaBUNbHO, CCIM BbINOJIHCHO OHO 3 YCOBUH: 

1) CuMIIJIeKCbI He WepeceKaroTcs; 

2) CHMIMICKChI MMEIOT OOLLYIO paHb, ABJIAIOWULYIOCA UX TepeceyeHueM; 

3) OXMH 3 CHMIMICKCOB ABJIACTCA TpaHbiO JIPyroro. 

Tpuane2ylayueu TOMONOrM4ecKOrO MHOrooOpa3nA A Ha3bIBaeTCA MpeyCTaBJIeHHe e©o B 
Bue OObeEAHMHECHUA HEKOTOPOLO Hadopa CHMIUICKCOB, IIpW4eM pa3JIM4Hble CHMIVICKCHI 
IIPHMbIKaIOT IIpaBMWJIbHO, HU rpaub JIOOOrO CHMIIJIeKCa HE MOKeT ObITb MHIMeCHTHa rpaHu 
TOO 2Ke CHMIIJICKCa. 

3aHyMepyeM BepIIHHbI m-MepHOro cuMiuieKca ‘ATO WpaBMJly: BepliMHa Cc HOMepoM F& 


(el ees 


MMeeT KOOPJIMHATHI _(KoopyMHata c HoMepoM &pasua 1) u 
3a(UKCUpyeM HanpaejleHue OOXOOA, TO CCTb HOPAOK MepeycJIeEHHA ero BepIIHH, 
a eee 
3ajlaBaembili nogctanonKolt \ 12 4 +++ In (puc. 4). J[pa HalipaBsieHua OOxoa 
fel 2s Se ida silky sheyin. 2ol 
a ee: cL. OWHOrO CHMIIIeKca \Ha3bIBaHOTCA 


PaBHBbIMH, CCJIM 3ayarOulwe UX HOACTAHOBKY UMCrOT OJMHAKOBYHO YTCTHOCTh, HU 
IIDOTHBOTIOJIOSKHBIMUV, CCJIM 3atarOUlWNe UX HMOACTAHOBKY UMCHOT pa3JIVGHYy!lO GCTHOCTH. 


3 
Lk 2 
LZ 
1 2 


e Puc. 4. OpweHTupoBaHHble CUMITICKCHI 
Opuenmayueu CUMIIeKkca /\Ha3bIBaeTCA KIaCcC paBHbIX HallpaBJICHHH ero OOxo Aa. 


A, Ag Ai NA 


CUMIVICKChI OJMHAKOBBIX Pa3MepHocTert u c OOMeH TpaHbro 


CO2IACO6AHHO OPUeHMUpPOBAHbI, CCIM UX OPHCHTAaMU Ha OOMeM rTpaHu 
IIPDOTHBONOJIOXKHBI (puc. 4). 

Tonosloruueckoe MHOTOOOpa3He Ha3bIBaeTCA OPUCHMUPVEMbIM, CCIM OHO JOMyCKaeT 
TPHAaHTyIAILMIO, CHMIMICKChI KOTOPOH MO2XKHO OPHeCHTHPOBaTh COrlacoBaHHo, U 
HEOPUCHMUPYEMbLM B TIPOTHBHOM CJlyyae. 

Mo2KHO 110Ka3aTb, YTO OPHEHTUPyeMOCTb (HEOPHeEHTHPyeMOCcThb) MHOrOoopa3n4A He 
3aBMCHT OT BbIOOpa ero TPHaHryALMH. 

OpveHTHpyeMbIMH MHOrooOpa3vAMH ABJIAFOTCA, HAalIpHMep, CBKJIMOBA IJIOCKOCTB, 
ccbepa u TOP, HEOPHeHTUPyeMBbIMH - JIUcT MeOuyca, BelllecTBeHHad IpOeKTHUBHad 
IWIOCKOCTb HU OyThIIKa KirewHa (cM. 3aa4n). 

Ilokaxem, 4TO JeHTa MeOuyca sABJIAeTCA HEOPHCHTUPYeMbIM MHOrooOpa3nem. Jia Toro 
BbIOepeM ee TPHAHTyIAUMIO UW OPHEHTHPyeM MOCIETOBATebHO KaKJIbIM Ce CHMIMUICKC 
Tak, YTOObI OH ObLI OPHCHTUPOBaH COOTBETCTBEHHO ipesbIAyulemy (puc. 5). Torga 
Haiigetca peOpo AA’, Ha KOTOPOM HHAYUMpOBaHEl OJMHaKOBbIe OPHeHTalMH. 


e Puc. 5. JIuct MeOuyca kak HeOpHeHTUpyeMoe MHOrooOpa3zve 
OpneHTalluu JIBYMepHOro CHUMIIeKCa Ha TOBEPXHOCTH MOKET OBITb MOCTAaBJICHO B 
COOTBETCTBHE OHO 43 JBYX BO3MOX%KHBIX HalIpaBsICHHH HOPMaJIM BO BHYTpeHHeH TOUKe 
CUMIMIeKCa. ITO MOXKET OBITH CJ[eIaHO 110 W3BECTHOMY H3 KypCoOB aHasIMTH4eCcKOn 
reOMeTpPHU U Pu3HKU MpaBuly OypaBynka. HanpaBseHue HOPMasIM B TOUKe MOBepxXHOCcTU 
ykKa3bIBaeT OJHY W3 JBYX CTOPOH NOBepXHOCTH B OKpecTHOCTH 3TOH TOUKH. Ecum 
IMOBEPXHOCTb OpHeHTUpyema, TO 3ajJaHve OpHeHTalluu (UKCHpyeT CeEMeHCTBO 
HalipaBsICHHH HOpMasieH MOBEPXHOCTH, Mpuwy4emM HalipaBsIeHve HOPMasIN B TOUKe He 
MeCHACTCA TIPU OOXOe MIOOOrO 3AMKHYTOLO KOHTypa Ha MOBepxXHOCTH, COepxKalllero ITY 
Touky. Takum o0pa30M, rHMNOTeTHYeCKHH HaOsONaTeb, COBEPMIAONIMH WyTellecTBue 
10 OPHEHTUPyeMON MOBEPXHOCTH, BCera OCTAeTCA C OJHON €€ CTOPOHBI HW HE MOXKET 
TomuacTb Ha Jpyryto. B 3TOM CMBICJIe OPHEHTUPyeMBIe MOBEPXHOCTH Ha3bIBaroT 
O6ycmopoHHnumu. B ciry4ae HEOpPHeHTUPyeMOM MOBeEpXHOCTH CHTyalMA OOpaTHad (puc. 
6). 


e Puc. 6. JIuct MeOnyca kak ONHOCTOPOHHAA NOBEPXHOCTh 
CylllecTByeT 3A€MKHYTHIM KOHTYp, Ip OOxoe KOTOpOrO HallpaBsIeHve HOpMasIn 
MeHAeTCA Ha MPOTHBOTIONIOKHOe. IIpu myremiecTBUH M0 TaKOMY KOHTypy 
THNOTeTHYeCKHH HadIONaTeIb, OOOMTA MaplIpyT OH pa3, BePHeETCA B HCXOJIHYIO 
TOUKY, HO OKAKETCA C Pyro CTOPOHsI MOBepxHocTH. IlosTOMy HeopHeHTUpyeMBIe 
IIOBEPXHOCTH Ha3bIBalOT OOHOCMOPOHHUMU. 

OrpaHv4uMcad paccMOTpeHHeM MHOrooopa3Hh, JOMycKarollux TpHaHryAWMEO 3 
KOHe4YHOLO YACIIA CHMIIJICKCOB. 
Tonono2uvecKou IUIeEpOBOU XAPAKMEepuCcMUKOU, WIM XapakKmMepucmuKOU Jusepa - 


Ilyankape, JaHHOM TpvaHryAWMH MHOrooopa3ua A Ha3bIBaeTCA YHCIO 
i 


x(X) = S (-1)" dis 


i=0 


qi 
rAe - GQHCIIO CHMITIICKCOB Pa3MCpHOCTH 2B JaAaHHOU TpWabnryJIAWn. 


B TOXpoOubIx Kypcax TONOMOrMH JOKa3bIBaeTCA, UTO 3HAaYeHHe SMIEPpOBOK 


XapaKTepHCTHKH 3aBHCHT OT MHOrooOpa3snaA 4, HO He OT BEIOOPa ero TPHAaHT YANN. 


TakoKe MO%KHO TOKa3aTb, YTO JUIepOBbl XADAKMepucmUKU 2ZOMeEOMOPGHbIXx 
MuHozoobopa3uu paéHol. IlocneyqHee CBOMCTBO O3HadaeT HCEH3MECHHOCTh IMJIEPOBON 
XapaKTepHCTHKH Ip TOMCOMOPHu3Max UM Ha3bIBaeTCA MONOMOZUYECKOU 
UHBAPUAHMHOCMb!IO IUIEPOBOU XAPAKMEePUuUCcMUKU. 


fii mi A 
cf b 

. b 

, b, 

GC) GD } 


e Puc. 7. byrpuika Kitevina u ee TpvaHryAlna 
BsIsncsIMM 3MIepoBy XapakTepucTuKy OyTbIIKH KieiHa (puc. 7). byrbiika KirevtuHa 
MOXKeT ObITh NOJy4IeHAa CKJICHKOM OHO Wapbl IPOTHBONOJOXKHbIX CTOPOH 


IIPAMOYFOJIBHUKa OOBIYHBIM OOPa30M, a JIPyrOu Wapbl CTOPOH - c OOpalleHHemM 
HalipaBJIeHHaA OOXONa, KaK TOKa3aHO Ha pUcyHKe. Oa 43 BO3MO?KHBIX THvaHryJAWMH 
OyTbIIKH KieiHa 10Ka3aHa Ha pic. 7. 3aMeTUM, 4TO Ha CXe€ME CKJICHKU O[Ha U Ta Ke 
TOUKAa MO2KECT MMCTb HECKOJIbKO H300paxeHHi. Hanpumep, BepuimHa AWMeeT YeTHIPe 
W300paxKeHHA, a OCTAJIbBHbIC TOUKU CTOPOH IIPAMOYIOJIbHUKa - 0 [Ba H300parxKeHHA. 
Takoxe, HEKOTOpble rpaHv TpvaHryJIAIMM UMeEIOT M0 Ba H300parxKeHHA, 


ee oes i 2, ag, ie bo, Bg 
OTOXKCCTBIIACMBIe CKIeHKOM. TakoBbIrpaHu —_, . OcTasbHbIe rpanu 


UMeHOT 110 OJJHOMY H300paxeHut1o. IloqcuuTaeM 4ncsIO rpaHel, peep u BeplvH 

go = 18, i 21, go = 9. > 
TpHaHr yan: Takum 00pa30M, 3sIepoBa xapakTepucTuka 

yok 
OyTbIIKH KieiHa paBHa 
Tonosloruueckoe MHOrooopa3ve AX Ha3biBaeTca OudbdepenuupyemMbim 
i. 0; —E 
a L 
knacca "(unm C™*), ecm roMeOMOpdu3MBI TO JUMHEHBI CiIeLYIOULeEMy 
YCJIOBHIO: 
ty] ae ii iE 
TIA JIKOOBIX OrpaHv4eHua OTOOpaxkKeHHH UW CO2IACOBAHbI B CIICXYIOULeM 
ig = fyof, RR” + R" 

CMBICJIe: OlIpezeseHO OTOOpaxeHHe , 3ayjaBaeMoe 
(DYHKIMAMM, MMeCFOIIMMH HEIpepbIBHble YacTHbIe IpOW3BOJHble NopsyKa & 
(COOTBETCTBCHHO, MMCHOIIMMH HeIIpepbIBHble YaCTHbIe IPpOv3BOJHbIe JIFOOOTO Tops Ka), 


A ((UiN U5) = wiz of Ail(Ua UG) 


ce [ Uy; 3 hi } 


OroOpaxeHuaA  Ha3bIBalOTCA KOOPOUHAMHbIMU OMObpaoceHUAMU, Tapa 


{Uj fier { (Ui, fa)> 


KapMOU, a COOTBETCTBYIOIIMM MOKPBITHIO Hadop - AMJIACOM 

: Pig 
Tuddepenuupyemoro MHorooopa3ua AX. OToOpaxeHua MHOT a Ha3bIBaloT 
OMOOPGHCEHUAMU CKIICUKU. 
HetpyHOo yOeqUTbCA B TOM, 4YTO OTOOPAKeHHA CKIICHKU OOJIaTaroT Cie YIOWMMu 
CBOMCTBaMH: 


Takoe, 4TO 


in], h . ko ig = Pak 
1) TJId IEOOBIX ClpaBeJIMBO C6OUCM6O KOMNO3UUUU: : 

1,3, 7 hi cash oig = idpa 
2) JIA JIKOObIX CHpaBeWIMBO C6OUCM6O KOYUKIA: , rye 
CUMBOJIOM O003HaAYeHO TOXKJECTBEHHOe OTOOPaxkKeHHe CBKIM OBA IIPOCTpaHctTBa. 


Muorooopa3ua Kkilacca ©" Ha3bIBaloT TakoKe QHQIUMUYECKUMU. 

OueBUJIHO, ITO MOCTPOeCHHad HAMU CTPyKTypa BelleCTBeEHHOrO MHOrOOOpa3na Ha 
JIBYMepHOM Cibepe ABJIAeCTCA, COrIACHO TOJIBKO 4TO JJAHHOMY OLIpeesICHHEO, CTPyKTypow 
aHasIMTHYeCKOrO MHOrooopa3HaA. 

3aqaun 

1. YOequTecb B TOM, 4TO, Hapsyy C AKCHOMAMH TOMOJIOFMH JIA OTKPbITbIX MHOKECTB, 
TONOJOrM4ecKad CTPyKTypa Ha MHO2*KecTBe A MO>KEeT OBITS 3aaHa Cleyroulen 
CHCTeEMOM aKCHOM (aKCHOMBI TOMOJIO‘WM JIA 3A4MKHYTBIX MHOXKECTB): 


0 


1°. 3aMKHYTO; 
2°. X3aMKHYTO; 


{Ai fier 


3° Ec - IIPOH3BOJIBHbIM HAOOP 3AMKHYTHIX MHO2KECTB, TO MHO2XKECTBO 


lier Ai 


3AMKHYTO. 
n 
" feet eey a 
‘allege Ecum - KOHCUHbIN Hadop 3AMKHYTbBIX MHOKCCTB, TO MHOKCCTBO 
i=n 
U t=) A; 
3AMKHYTO. 


Yxa3anue. OlpeyesuuTe OTKPbITOe NOJMHOXKeCTBO KaK JOMOJIHCHHe K 3AMKHYTOMY, a 

3aTeM - 3€MKHYTOeC TIOJIMHOXKeECTBO Kak JIOMOJIHCHHe K OTKPbITOMY. 

IIpupequte IpuMep, NoKa3bIBarollMii, To TpeGoBaHHe KOHeyHOcTH B 4" cynecTBeHHO. 

Yxaszanue. Ilocrpouite NOKpbITHe OTKPHITOrO HHTepBasla YACMOBOM MpAMOM (HalpuMmep, 
(—l, 1) 

WHTepBasa ) oTpe3KaMu. 

2. JokaxuTe, 4TO cues yrouMe TOMOJOrM4eCKHe MpOCTpaHcTBa FOMCOMOPMHBI (TaM, rye 

9TO BO3MOXHO, 3ajJaite OTOOpaxkeHne ypaBHeHHAMH HU OKaKUTe, YTO 9TO OTOOPaxkeHHe 

- romMeomopdu3M. B ypyrux ciry4adx BOCHOJIB3yHTeCh FEOMeTPH4eCCKUM TOCTpoOeHieM U 

TCOPeCTHKO-MHO2XKECTBEHHBIM OlIpeyesIeHueM ): 

1) oxpyxHoctp S*u TpeyrombyuK At; 

2) Kpyr MW TWOCKMM TpeyroJIbHUK; 

3) cepa S*u nopepxHocts Tetpazupa A; 

4) NOBepxHOCcTb KyOa HU NOBepXHOCTb TeTpazpa; 

5) OTKPBITHIM UHTepBas (0; 1) u OTKpBITHIM UHTepBas (0; 10); 

6) Ba MpOW3BOJIBHBIX OTKPbITbIX HHTePBaIa; 

7) OTKPBITbIM MHTepBall WU IpAMad; 

8) OTKPBITbIM KPyr MW IJIOCKOCTS; 

9) OTKPbITOE KOJIBI[O HW WWIOCKOCTb 6€3 TOUKH (MpOKOOTAA MIOCKOCTB). 

3. Jlokaxute, ITO TaHHble IpeocOpa30BaHiA CBKJIMJOBA IIPOCTPaHCTBAa ABJIAIOTCA 

rOMeOMOpdu3MaMH: 


— 


Pp 
1) HapamieIbHbIM WepeHOc Ha BeKTOP —; 


= 
P 
2) cKaTHe B HallpaBJICHHU BEKTOPAa —.C KOS@MUNMeEHTOM A; 


3) MOBOPOT OTHOCHTeEJIBHO Hayasia KOOPAMHAT Ha yrosl — ; 

4) mMuHeMHOe Tpeodpa30BaHue, 3aJaHHOe HEBbIPOXKJCHHOUM MaTpuuen A. 

4. JokaxkuTe, 4TO OTKPBITHIM d-MepHbIM Wap roMeOMOpHeH d-MepHOMY eBKJIMJOBY 

IIpOcTpaHcTBy. YKaKUTe PYHKIMOHAIbHOe IIpescTaBeHue OTOOpaxKeHHA, 

OCYIIeECTBIIAIOMIeEroO TOMeCOMOpHUu3M. ChopmMysMpylitTe HOBOe ONpeyemeHue 

TONONJOFMYeCKOrO MHOrooOpa3HA C MCHOUb30OBaHHEM OTKPBITHIX IapOB, H IpOBepbTe ero 

9IKBUBAJICHTHOCTb U3BeECTHOMY Bam onpeyzeneHut1o. MoxHo JM ero Hepe@opMyIMpOBaTb 

B TEPMHHAX JIOKAJIBHOrO TOMeCEOMOP@u3Ma? 

5. JlokaxutTe, TO JAaHHbIe MOAMPOCTpaHcTBa CBKJIMJOBAa IIpOCTpaHCTBa MO2XKHO CHaOJIMTb 

CTPYKTYpoH TONOJOrM4ecKOrO MHOrooopa3uaA: 

xo ty" = Bye 

1) napadonony BpallleHus 
Ee eae ae ee oll 

2) SJIMTICOUL 

3) IIpOCKTHBHAd IWIOCKOCTb KaK IIPOCTpaHCTBO KJIaCCOB BEKTOPOB TpeXMepHOro 

BEKTOPHOIO MpOCTpaHCcTBa NO OTHOIMICHHIO KOJJIMHeEapHOcTH. 

6. YkaxKUTe KakytO-HHOyb TPHaHryIALHIO JAHHOTO TOMOJOrMYecKOrO MHOrooOopa3HA. 

BbIuuciute SHJIEpOBy XapaKTepHCTHKY, UCHOJL3yA ITY TOMVAHTyALWMIO: 

1) MOBeEpXHOCTb TpeyrosbHOK WupaMuBl; 

2) MOBeEPXHOCThb YeThIPeXyrOJIBHOM NHpaMuJIpI; 


3) HOBEPXHOCTb TpeyrosuIbHO Wpv3MBI; 

4) TpeyrosbHasd Tpu3Ma; 

5) NOBEpXHOCTb Ky0a; 

6) MOBepxHOCTb UKocazypa; 

7) TOBEpXHOCTb (urypbI, W300paxKeHHON Ha puc. 8 a) ("KONbUO" KBaypaTHOrO CeyeHus). 


e Puc. 8. a) "Komsyo" KBaapaTHoro ceyeHua 6) Top 
7. Ilocrpovite Be pa3JIM4Hble TPHaHryIANHU JAaHHOrO TOMOJOrM4ecKOrO MHOTOOopa3nA 
WM BBIYMCIIMTe SMJIEPOBY XAaPaKTePUCTHKY, UCIIOb3YA KAKTYIO 13 HUX. CpaBHUuTe 
pe3yJIbTaTBI: 
1) cdbepa; 
2) map; 
3) Top (puc. 8 6)); 
4) nosHOoTOpHe (OOacTb IpOCTpaHcTBa, Or(paHv4eHHasd TOPOM); 
5) nenta Meonyca. 


CHKTEUHID 


e Puc. 9. BejecTBeHHad IpOeKTHBHAA IJIOCKOCTb 
8. BaraucsIMTe 9MJICpOBbI XAPAKTEPHCTUKU CJeYFOULUX TOMONOrMYeCKUX MHOrooopa3nu: 
1) Bell[ecTBeHHasd IIpOCKTHBHAA MJIOCKOCT (pu. 9); 
2) CBA3Had CYMMa TOpa UH cibepsl; 
3) Top poyia 2 (CBA3Had CyYMMa JIByX TOPOB); 
4) cBa3Had CyMMa TOpa H OyTbIIKY KurewHa. 
9. Ucnob3ya sMJIepOBy XapaKTepHCTUKY, JOKAKUTE, 4TO JAaHHbIe TOMOJOrMUeCKHe 
MHOrooOpa3ua He rOMeOMOPMHEI: 
1) chepa WU WIpoOeKTUBHAA MJIOCKOCTS; 
2) OTKPBITHIM UcK u WeHTa MeOuyca; 
3) OyTBIIKa KiewHa u Top por 3. 
10. BatacHute, opHeHTUpyeMBI JIM JaHHble MHOrOOOpa3H4A: 
1) 7ByMepHas cepa; 
2) KpyroBon WHIIMH Ip; 
3) Top; 
4) Top poya 2; 
5) OyTbIka Kenna; 
6) BelLeCTBeCHHad IIPOCKTHBHAA MJIOCKOCTS; 


7) CBA3Had CYMMa TOpa UH BelLeCTBCHHOHM MpOeKTHBHON IWIOCKOCTH. OTBeT OOOCHYHTe, 
MCHOJIb3YA TOMaHryALWu MHOrooopa3n. 

e 11. JokaxutTe, 4TO TaHHbIe NOJMHO%KECTBA CBKIIMIOBa HPOCTpaHCcTBa MO2KHO CHaOJMTb 
CTpyKTypou ZuddepeHuupyemMoro MHOrooopa3ua. Cyemalite ITO UM yKaxKUTe NOpAOK 
rlaqKOCTU MOCTpOeHHOW Bamu CTpyKTypHI: 

z= ar + by 
1) TIOCKOCTb 
ae na ee 
2) runepOoumuyeckuH Tapadonouy 
3) cepa (OCTpouTe Kak ylO-HHOyJIb CIpyKTypy THOepe I MIpHeMOT® MHorooOpa3u4, 
OTJIMYHY!O OT IIPHBeJJeEHHON B IIpuMepe); 
4) Top. 


ruapa 2. Jug@odepeHitvasibHad reomMeTpuAa 


O0o03HadeHHA HH COranieHHia 


Bo BceM TeKCTe STOM TaBbl HCHOJb3YIOTCA CIE TyroUuIMe OOO3HA4eHHA: 
s- CECTCCTBCHHBbIM MapaMeTp KpHBOH; 
t- llapaMeTp KpHBOH TPH MpOK3BOJIBHOU MapaMeTpu3allMy; 
dist - paccTOAHWe Mex Ty reOMeTPHUCCKUMU OOBEKTAMH, OlIpeyesAeMOe KaK TOUHAA HWKHAA 
TpaHb paccTOAHHM MeK TY TOUKAMH YTUX OOBEKTOB. 


JIudbdbepenttupoBaHue M0 TapaMeTpy, He3aBUCHMO OT Bua WapaMetpa, oOo03HadaeTCA 
z(t) 
IITPUXOM, Halipumep, . UWactHoe 7uddepenHuMpoBaHve OOO3HAYaeTCA YKA3aHHeM B 
HYDKHEM WMHJeKce NepeMeHHOH, 10 KOTOPOHK Npon3BeyzeHoO ZuddepeHuMpoBaHne, HalipuMmep, 


Tu(u,v). 


Nospasgzen 


e §1. Mnockue KpuBble 

e §2. [lpoctpaHcTBeHHble KpuBbie 

e §3.floBpepxHoctb. Metpuyeckue 3afa4u Ha NOBeEPXHOCTU 

e §4. 3amauu O KpuBu3He Ha NOBepxXHOcTu. BHYTDeHHAA FEOMeTPUA NOBEPXHOCTU 


- §1. [Lrockne kpnspie 


e Bonpocsi reopun 

e Kpusbie Ha mIockocTn. CnocoOsl 3aqaHia KPHMBbIX: ABHOM PYHKUMOHAIIBHON 
3aBHCHUMOCTBIO, HeABHOHM (YHKIMOHAJIbBHOUM 3ABUCHMOCTBIO, BEKTOPHO- 
TlapaMeTpHYeCKUM TIpeyCTaBJICHHeM, KOOPAMHATHO-NMapaMeTpU4eCKUM IIpeCTaBJIeHHeM. 
PeryslapHoe 3aaHve KpHBOH U ero KHHeEMaTHYeCKad MHTeplipetauna. ACHUMIMTOTHYeCKOe 
moBeyleHHe KpUBON. DopMylia JJIMHbI KLPUBOUM UW ce KMHEMATHYeCKad MHTepliperauna. 
KpvBu3Ha KPHBOH Ha MJIOCKOCTH UW ee KHHeEMaTHUeCKad MHTeplperalHa. 

e OCHOBHBIe OnpeesIeHHsA, pe3yJIbTaTbI, KOMMeHTapHn 


DiemMeHmapHou KPUueOoU HA NIOCKOCMU Ha3bIBaeTCA OOPA3 OTKPBITOrO MHTepBalia 


(a,b) CR fee ie le) ea hie 
IIpH ero roMeoMopdu3Me B CBKJIMJOBY IIOCKOCTs (puc. 10). 
i 
Z 
it 
5 


ifa,b) 


e Puc. 10. DeMeHTapHas KpuBaa 
Ooweu KpueOouU Ha NIOCKOCMU Ha3blBaeTCA MOAMHOXKECTBO CBKJIMJJOBON MJIOCKOCTH, 
OKaJIbHO rTOMeOMOpdHOe IpsMoH (puc. 11). 


e Puc. 11. OOmas kpuBas 
OueBU AHO, BCAKad OOWIAd KPUBad JOMyCKaeT MOKpbITHe IIEMCHTAPHbIMH KPHBbIMH. 


zi 
loBopar, 4TO KpHBadA 3adaHa ABHOU Q(bVHKYUOHAIbHOU SABUCUMOCM bIO 


y= fz) _f y= f(r) 
, CCIM Kak ad TOUKAa KPUBOM = puHaIexKUuT rpaduky PyHKWHu 
! Fiz,y) =O, 
Kpupaa  3ayana Hes6HOU GDYHKUUOHAIbHOU 3A6BUCUMOCMDbIO eciI 
“y 


KOOPAMHATHI KAKIOU TOUKM KPHBOM yOBJIETBOPAIOT ypaBHeHHIo 
Fiz,y) =O. 


Ja BEIYMCHeCHUH B WuddepeHuvalbHOU reoMeTpuU HanOosiee yIOOHBI 6eKMOpPHO- 
napamempuyeckoe npedcmaeijlenue 
r{t) =(z(t),y(t)), t € (0,0) 
e 
W KOOpOUHamMHO-napamempuyecKoe npedcmaéejlenue 


zr=cr(t), y= ylt}, ¢ € (a,b), 


OTIMYAOlINeCA JIM (OPMON 3allncu. 
Ilapametpuueckoe lipeycTaBieHve KPHBOM Ha3bIBaeTCA Pe2yAPHbIM, CCIM 
f : (a,b) - R* 
MHYUMpOBaHHoe UM OTOOpaxkeHHe ABJIACTCA JIOKAJIbHbIM 
TOMeCOMOpH3MOM Ha CBOH OOpa3. Ja sTOrO HEOOXOMMO HU AOCTaTOUHO, 4TOOBI 


lr" (t)| > ¢ € (a, DB). 
WIA BCeX Ha30Bem HapaMeTpu3alnio ©" -peeyiApnou, ecu 
fay 
F(t) 
BeKTOP-(yHKIHA oOsayjaeT HeEIIpepbIBHOU MpOu3BOTHOK NopsyKa &. 
— 
Fare) 
DoBopsT, 4TO 3aaHHad WapaMeTpuy4ecKUM CIOCOOOM KpnuBad yxoOUum 6 
t—- a, 
6ecKOHeYHOCMb npUu eCJIM MMECT MCCTO HpeyesIbHOe COOTHOIMeHHe 


lim(2?(t) + y(t) = 00. 


e 
IIpuv 9TOM CHMBOJI @MO2%KeT UMECTb OHO V3 CIIEXYFOUIMX 3Ha4deHHN: 


Nat i 2a — ty, oe — ae ee — ee Bn oe: 


t 
Ciryuan 1) u 2) o3HayarloT CTpeMJIeHHe TapaMetpa K 3HayveHHIoO : clipaBa U CyIeBa 
COOTBETCTBEHHO; Cilyyai 3) IpHMeHAeTCA, CCIM OMHOCTOPOHHHe peesIbI pu 
Tp 
CTpeMJICHHU TapaMetpa K 3HayeHHIO —CJICBa UH ClIpaBa paBHbl. Ciryyalt 6) IpHMeHsAeTca, 
eCJIM IIpeesIbI Ip CTpeMJIeHHU TapaMeTpa £K O€CKOHEYHOCTH OOOUNX 3HAaKOB paBHBl. 


Fart) g 
e AcumMnmomou KpuBOK Ipu ¢ — a@Ha3bipaetca IpAMad , YAOBJIETBOPATONIAA 
YCJIOBHIO: 
lim dist(P(t),9) = 0, 
e 
P(t) 
e rye - TOUKA KPHBOH, COOTBETCTBYFONIad 3HAYeCHHIO *IapamMeTpa. 


Ji BbIMMCIICHHA ypaBHeHu ACMMITOT MOUb3YIOTCA CIICXYIOUIUM WpaBusiom. Ecum 
KpuBad, 3aaHHad WapaMeTpHyecKUM CIIOCOOOM, YXOMT B OeCKOHEYHOCTS pu t — a, 
y=kr+b 
TO ACHMITOTA, ECJIM OHA CYIIeCTBYCT, 3a,aeTCA ypaBHeHHeM 
r=ky+6 
(COOTBETCTBeEHHO, ), rae 


& = hm ylt) (coornercrrenno, k= hm ay 
t+ a x(t) ta y(t) 


i iim (y(¢) — kx(t)) (coornercrrenHo, b = jim (z{t) — ky(t))). 


e Ha lepBbIii B3rIA, MOXKHO ObIIO OI ONPeeMTb ACMMIITOTY Kak T1peyjesIbHOe 
MOJIOKeHHE KacaTeIbHOU B TOUKe AaHHOU KPHBOH pH yAasIeHHu STOW TOUKH Ha 
OeckOHe4uHOCTE. B paye cilydaeB 3TO OpeseeHHe MPUBOAUT K TEM 2%Ke pe3yIbTaTaM, TO 
WM KyIaccuy4eckoe. BMecTe C TEM MOXKHO MNOCTPOHTh KPUBBbIe, MMEFOIMe KacaTeJIbH YO B 
KaK]ONU CBOeH TOUKe HM MMeIOIIMe aCHMIITOTY B JAaHHOM HalipaBJICHHH, HO He HMeroIIHe 
IIPeCUbHOLO MOJIOXRKCHUA KACaTeJIbHOU B JAHHOM HalipaBIeHuu (puc. 12). 


CRM POP we 
¥ 


AP Pe 


e Puce. 12. ACHMIMTOTHI HM KacaTeJIbHBIe 
B ciry4ae 3a/[aHud KPUBOM HeABHBIM asIreOpan4ecKuM ypaBHeHHeM 
eee a) 
TaKKe CYIMICCTBYeT CIOCOO OTbICKAHHA ACHMITOT, 3AKIFOUAIOMLMMCA B 


(3) 
cmemnyroutem. Ilyctb - KOOPAMHATHI TOUKH, MpuHaie*Kalllen AacCUMIITOTE, U 


r=r+Au,y=y+pu 
- TlapaMeTpuyeckve ypaBHeCHHA ACHMIITOTHI, B KOTOPBIX w- 
(A, ) 


IlapaMeTp, - KOOpAHHAaThbI HallpaBJLAFOUICro BCKTOPa, MOJVIC7KaITMe ONPeCTCJICHUEO. 


Qu) 


O0o3HaduM 3a TOUKY KPHBOH, OIMKanylO K TOUKe ACHMITOTHI, 


Gu) 


COOTBETCTBYFOINeH 3HaYeHHIO MapaMetpa uw. Tora KOOpaAMHAaTHI TOUKU PaBHBI 


r(u) =T+Au+€(u), ylu) =y+put+n(u), 
€(u) nu) 


rye u OeCKOHEYHO MaJIbI IPH uw — oa. 

F & f (x : y) 
Ilyctb —_- COBOKYMHOCTB WIeHOB CTeNeHH &, BXOJAIMX B MHOTOWIeH . Tora 
OH MOx*eT OBITb IpeACTaBJIeH B BUC CYMMBI OJHOPOAHBIX KOMIIOHEHT pa3JIM4HBIX 
cTeneHen: 


Se ee ee oe ee 
Ou) 


37eCb m- CTelleHb MHorouseHa F’. [loncraHoBka KOOpAMHAaT TOUKU B MHOrOUJIeH 


F(z,y) 
MW BbINeCJICHHe KOMIOHCHT CTapmiIux HO ucTeneHen IIDMBOJUT K BbhIDAKCHUEO 


BSN Ste aS rol RAE ie an OS eb ae I a hte 


Q(u) F(z(u),y(u)) =0 


Tak Kak TOUKAa MIpWHaexKUT KPpHBOH, TO U, CIC OBATeJIBHO, 


i 
lim —F(zr(u),y(u)) =0. 


Takum o0pa30M, 
P(A 0: 


(A, p2). 


ITO ypaBHeHHe MO3BOJIACT BBIMUCJIMTbh HallpaBsIeHve BEKTOpa AHasIorw4uHo, 


T(Fr(A,p))a + 9(Fala,H))e + Fr-i(A, pH) = 0.(1) 


e 
(Z,9) ; 
Tak Kak - KOOPAMHATHI NPOU3BOJIBHOM TOUKM AaCHMIITOTHI, TO (1) - ypaBHeHue 
aCMMIITOTEI. 
a sary — 
BsI4uvciIMM acHMIITOTbI KyOHMYeCKON KpHBOM IloqcTaHoBKka 
- r=r+aAu,y=yt+pu 
TlapaMeTpW4eCcKHX ypaBHeHH AaCMMIITOTHI U BbITeueHHe 
KOMMOHEHT CTapmwinx CTeleHeH MpHBOAT K ypaBHeCHHAM: 


ab ee = 0, (2) 
BA°r + 3y?y — Sad ps = 0.(3) 


= arab 

V3 ypapHenua (2) nosyaaem . Hlomaras B (3) NOJIYYMM ypaBHeHue 

r+y+a=O0. 
ACMMIITOTHI 
Ec lmapamMetTpuyeckoe 3ajJahve KpHBOM MHTepMpeTHpOBaThb KaK KMHEMATHYeCKOe 
ONMcaHHe JIBMXKCHUA MaTepHasIbHOM TOUKH C TeYeHHeM BpeMeHU ¢t, TO PeryIAPHOCTh 
9TOFO 3aaHUA TpeOyeT, UTOOKI BEKTOP MrHOBCHHOM CKOpOCTU 

(x'(t),y(t)) 

He OOpalasica B HYJIb HH Tp KaKOM 3Ha4deHUH fF. 

B 9TOM Ciryyae JJIMHa KPUBON - STO IYTb, POM ACHHbIN MaTepHasIbBHON TOUKON 3a 
te [a,b]: 

IIPOM@XKYTOK BpeMeHH 


b 
saa = | |? (Ola 


y= f(z) 


B cirydae ABHOrO (YHKIMMOHAIbHOLO 3a,aHHuA KPHBOU HeTpyHO MepevTu K 


£—t, |*¥— ‘K (t) 
lapaMeTpH4ecKOMy 3a],aHHto Wi MOJIYIMTS (opMysly 


b 
S[a,b] -| Wah Sees 


F(r,y) =0 
IIpu HCABHOM 3aJaHUM KpHBOu AJA BbIUUCJICHUA JVIMHbI AYru 
PCKOMCH]yeTtcu II@pCxXOTHTb K WapaMeTpudeCcKOMy JIM00 ABHOMY (D YHKIIMOHAJIBHOMY 
IIpCHCTaBJICHUEO. 


y 4@ 
Ilycth Pu - 2Be pa3sIM4Hble TOUKH KPHBOK =, - MpaAMas, cOsepxKalllax TOUKy P. 


dist (OQ, P) 


dist (Q, g) 


e Puc. 13. K ompeyenenutro kacaTesIbHOU 


¥ 
e Kacamenonou (puc. 13) k kpuBow BTOUKe PHa3biBaeTcaA NpsAMasd 
YHOBJICTBOPAFOMLad COOTHOIICHHIO 


9 


a fistl@s9) _ 


“¥ 
e Y paBHeHue KaCaTCJIBHOH K KPHBOU Bee TOUKE /MOx*KeT ObITb BLIUHCIICHO ONHUM H3 


(X,Y) 
CHELYIOMLUX CIOCOOOB ( - KOOPJMHATHI TOUKH KacaTeJIbHOH): 
— : >, X — x(to) ¥Y—y to) 
TIpu Ri = Pity) + ur (tp), ( a | = 


x'(tp) - y! (to) 


Y¥ — yo = f'(ro)(X — 29); 


TlapaMeTpHuecKoOM 3aaHuu 


TIpu 
ABHOM (PYHKI[MOHAJIBHOM 3aJJaHuu 


pu Fz (ro, yo)(X — to) + Fy(2o,yo)(¥ — yo) = |i. 
HexABHOM 3a]/aHuu 


os 
YpaBHeHHie HOpMAaJIN K KPHBOHM Bee TOUKe PMOXKEeT ObITb BBIYMCIICHO OHM 3 
(X,Y) 
CIE LYIOUUX CHOCOOOB ( - KOOPAWHAaTbI TOUKH HOpMasin): 


ripu R = F{to) + uii(to), 
TlapaMeTpH4ecKoM 3aaHHn 
fi(tp) OpToronanen BeKropy fF ‘tale 

rye BEKTOp 

X—2(ts)_Y—(to). 

y! (tp ) —r' (ty) | 
WIM, B KaHOHM4eCKOM BHI, 
Sp Set IE lh 


TIpu 
ABHOM (YHKI[MOHAJIBHOM 3aJ,JaHuu 


IIpu F,(ro,yo)}(X — ro) — Felro,yo)(¥ — yo) == ii) 
HCABHOM 3ayJaHUUN 


go U y 


sat 


e Puc. 14. K ompeyemenuro ecTecTBeHHOro TlapaMetTpa KpuBON 


> 
e 3aduKcupyem Ha kpuBon  (puc. 14) TouKy © OHO 43 ABYX BO3MO?KHBIX 
HalipaBieHun. Torga kaxqON TOUKe AKPUBOHM MOXKeT ObITb HOCTAaBJICHO BO B3aUMHO 


+ 


" 


OJHO3HAYHOe COOTBETCTBHE YHCIO §, paBHOe WIMHe Dyru CA, B3aTOM CO 3HaKOM'" ", 
ecm Wyra CLA pacnosoxeHa B 3a~)UKCHpOBaHHOM HallpaBJIeHHW OTHOCHTEJIBHO TOUKH 


C’/, 4 CO 3HaKOM " _" B IIPOTHBHOM CJlyuae. YKa3aHHOe COOTBETCTBHE MOCTAaBIIAeCT 
TlapaMeTpv3allMt0 KPHBON, Ha3bIBaeMyto ecmecmé6enHou. IlapaMeTp sHa3bIBaeTCA 
eCMeCM6EHHbIM Napamempom. 

e Hecs0%#*xHO 10Ka3aTb, YTO ECTECTBEHHAA MapaMeTpH3alluA KPUBON peryApHa, IpH4emM 


"(s)| = 1.(4) 


ak 
e Ilycrh Pu - abe pa3M4HbIe TOUKH KpHBOM _, COOTBETCTBYIOIIHe 3HaYeHHAM SH 
s+ As J‘As| 


€CTECTBCHHOrO HapaMetpa (puc. 15). Torga - J\JIMHAa Yr KpHBON, 


3aKJIIOUCHHOH MexAy TOUKaMH Pu .Ilyctb A#- BesM4HMHa OPHeEHTHPOBAaHHOLO yriia, 


@ 


oOpa3yeMOTro KacaTeJIbHOH K KPHBOM B TOUKe ‘10 OTHOIMICHHIO K KacaTeJIbHOH B TOUKe 


ea. 


e Puc. 15. K ompeyerenuto KpuBU3HbI KPHBOM 


e Kpueu3va kpuBouw Bee TouKe P- 9TO TIpeses 


AA ‘Ad 
k= bm — = lm —. 
OP As peer As 


#=F(s) , 
byleM UHTeplpeTupoBaThb eCCTeECTBEHHY!O MapaMeTpUu3allMtO KPUBOH Kak 


KMHeMaTH4eCKOe ONMCaHHe JIBUXKCHUA MaTepHasIbHOHK TOUKH. YpaBHeHue (4) o3HayaeT, 
YTO 9TO - pPaBHOMEPHOe KPHBOJIMHENHOe JIBUXKeCHHe C MOCTOAHHON TO MOJLYJIFO 
CKOPOCTBIO, paBHOU CAMHUIe, TO CCTb JBMXKeEHHE, IPH KOTOPOM TOUKAa MpOXOHT B 
eJIMHUILY BDeMeHH ITyTb, paBHbIM eMHULe TIMI. IIpu 3TOM HallpaBlleHve CKOpOcTH 
MOKeT MeHATECA. Mosysib KPUBH3HBEI B STOM MHTeplperalluu - 9TO MOJLYJIb YIIOBOU 
CKOPOCTH MOBOpOTa BeKTOpa KacaTeJIbHOU K KPHBOU TPH ABYXKCHHU 10 KPHBON C 
eCJIMHHM4HOU CKOPOCTBIO. 


3aMeTUM, 4TO yrOJI MeXK LY KacaTeJIbHbIMH B TOUKaX PU MO2*KeT OBITb BKJIIOUCH B 
i (s + As) — F!(s)| =2|sin(A@/2)]: : 

COOTHOLICHUE TOVa, UCHOJIb3S YA TCPBbIM 

3aMeCUaTCJIbHbIM Wpe tes, HETPYTHO WPHUTH K BbIpPaAKCHUEO 

Ae ; Ae] f(s +As) — #"(s) 


im ——|= 
k| =, As+o As 


~ As—o02|sin(Ad/2)) [As| 


=lF"(s) 


7 
TakHM 00pa30M, MOJyJIb KLPHBU3HbI KPUBOHM ~—B TOUKe paBeH MOYIIO YCKOPeHHA B ITON 


“4 
TOUKE Wp PaBHOMCDPHOM KPHBOJIMHCHYHOM JIBWOKCHHM BHOJIb KDHBOU 


3aqaun 

1. Kpusas 3a7jana B IpAMOYTOJIBHOUM JIeKAPTOBOM CHCTeMe KOOPMHAT ABHOUM 
(DYHKI[MOHAJIBHOM 3ABUCHMOCTBIO. M300pa3uTe Ha pUCyHKe BU KpHBOH. YkKaxKUTe 
OOacTb H3MCHCHHA HE3ABUCHMON KOOPJMHATHI UM OOMACTh peryIAPHOCTH 3aaHnA 
KpuBon. Harmumrte 3ayjanve STON KPUBON a) B KOOPAMHAaTHO-lapaMeTpuyeckon (opMe 
0) B BEKTOPHO-IlapaMeTpuyeckon (opMe B) B HeABHOM (opMe. 


1) y=sinz, 2) y= er 3) y= yter. 
e 

2. Kpusasa 3aaHa B TOJIAPHOM CHCTeMe KOOPJMHAT ABHOK PYHKIMOHAIbHOM 
3aBHCHMOCTBbIO. M300pa3uTe Ha pUCyHKe BU, KPHBOM. YkKarxKUTe OOACTh U3MeCHEHHA 
MOJIAPHOLO yria UW OOWAaACTb peryAPHOCTH 3ayaHuA KpUuBOH. HarmumTe 3ayanue TOU 
KPHBOH B IIpAMOYTOJIBHOM JIeKapTOBOM CHCTeMe KOOPJIMHAT B HapaMeTpuyecKon PopmMe 
(KOOPJMHAaTHOH WIM BEKTOPHON). 

1) p=all+cosy), 2) p=ay, 3) p=acosdy, 4) p=2alcosdyl. 
e 


3. KpuBaa 3ajjana B IpAMOYTOJIBHON JIeKAPTOBOM CHCTeMe KOOPJMHAT HeABHOHM 
(PYHKIMOHAJIBHOUK 3ABMUCHMOCTHIO. YKAKUTE OONACTU PeryIAPHOCTH ITOTO 3aaHuA 
KpuBon. MooxHo JM HanucaTs ee rioOasbHoe 3ayaHue 

a) ABHOM PYHKIMOHAIbHOM 3ABUCHMOCTBIO, 

0) B WapaMeTpuyeckol Popme’? 

MooKHO JIM CJleslaTb TO Ke CAMOE JIOKaJIBHO B OKPeECTHOCTH KaxKON TOUKH? 


Iloctpovite Te 43 yKa3aHHBbIx 3aJ,{aHHuM KPUBOU, KOTOPbIe BO3MO2KHBI. 
2 2 2 2 3 =) 


Te psi als eG | ecm Ee ere mer a We en kf 
F 7 J F as b3 


a= b= " ge be 


4. Kpnupasa 3agjana WapaMeTpHyecKUMH ypaBHeHHAMH. YKarxKUTe OOUACTb W3MeCHCHHA 
llapaMetpa UW OOsacTH peryIAPHOCTH JAHHOTO 3ajJaHuA KPHBON. 


Vra=t?—- 845, y=? —- 241: Be eg ets 
) u oF 5 ¥ + } ts ea , 14 
i pe ee at 4) Pw fucaite Bt 
CVT HR TF 8 Se Ste = | eee 


e 

e 5. Huxaouda. Ilo 1pamMow 0e3 TpockKasIb3bIBAaHHA KATHTCA OKPYKHOCTh paguyca r. Ha 
OKPyXKHOCTH 3a~uKCUpoOBaHa ToUKa (puc. 16 a)). Hanmuumtre napameTpuueckue 
ypaBHeHHA TpaeKTOpHU 39TOM TOUKH. 


a) 6) 


ae 
A 
A —_ ~) 


e Puc. 16. K nocTpoeHHro IMKION BI U SIMUMKIOUIbI 
e 6. Qnu- u 2zunoyuxkiouddi. Ilo okpyxKHOCTH paquyca AKaTUTCcCA Oe3 TIpOcKasIb3bIBAHHA 
TH 
OKPyKHOCTb payMyca C OTMe€4eHHOM TOUKON, OCTaBaACh BHe (BHYTpPH) Coben 
OKpyxKHOCTH (puc. 16 0)). Hamummre napamMetpuyeckuve ypaBHeHHA TpaeKTOpHu 
OTMC4eHHOH TOUKH. 
e 7. Beraucimte ypaBHeHia aCMMIITOT JJAaHHbIX KPUBBIX, 3A,aHHbIX ABHOM 


(DYHKI[MOHAJIBHOM 3ABMCHMOCTBHIO B JCKapTOBbIX KOOPJIMHAaTAaX: 
2 3 


r? | 1 1 1 
y= 2y=— ee eee . 
ne re—. xr r—-l 2-2 
e B HOJAPHbIX KOOPAMHATAX: 
3 a | 
el A l, fa,f>0); 6) p= l eel: 
Baste: aa a a a RR ar aa 
e HeABHOM PYHKIUMOHAIbHOU 3aBHCHMOCTBIO: 
7) c7y — 4y*z — 627 +5 =O; By t—r—z*—y’* =O; 


ICES ee eee ee 


e TlapaMeTpH4uecKuMM TipeCcTaBJIeHHeM: 
a t 
f=) 


| 1 4 
AG ee ete Peay res ee meee lic eee 
He + sorimesy + roa 


1 


t ¢(1— 2t7) 247 a! 
a ( 1_# ) (eS =) 


e 8. Kpusas 3aaHa NWapaMeTpHyecKH B IIPAMOYrOJIbHOHW JIeKapTOBOM CHCTeMe KOOpJIMHAT. 
HalniMte ypaBHeHHa KacaTeJIbHOU UH HOpMasJIN B TOUKe KPHBOU, COOTBETCTBYIOINLeH 
ie 
3HadeHHEO TlapamMetTpa . YKAKUTe KOOPAMHATHI CJMHUYHOLO BeEKTOpa KacaTeJIBHOU 


WM CIMHUUHOLO BeKTOpa HOpMalIv B 3TONM TOUKe. HalMuiMtTe ypaBHeHHA CeMeHCTBA 
KacaTeJIbHbIX MW CCMeCHCTBa HOpMalieH B PeryJIAPHbIX TOUKaX JaHHOU KpHBOHK. HanumiMte 
ypaBHeHWe CeEMeHCTBA CXMHMYHBIX KacaTeJIbHbIX BEKTOPOB JaHHOM KPHBOH. 


rF=(acost, bsint): F=(acht, bsht): 
1) 2) 

F=(a(t—simt), a({1—cost)): F=(f —2t, #43). 
3) 4) 
9. Hatiaute BesmunHy yrila MexK Ty KPHBbIMU B TOUKe Ux MepeceyeHua. 

ene eee ry=m, 2° —y’ =n, m,n = const > 0. 
I) 2) 

ee — coy? =e7, yo —pr. 0,7 — canst = 0 
3) 4) 

= ef 

10. [lokaxute, 4TO KacaTesIbHad B JIOOOM TOUKe KPHBOM OOpa3yeT C IOJIAPHbIM 


payqMycoM MOCTOAHHbIM yrOJI, U BhIMMCJIMTe ero. 
p= 2a(1— cosy) 
11. Ilokaxute, 4TO KacaTeJIbHble K KapyMouse , IPOBeICHHEIe B 
TOUKAaX epeceyeHuA KapMOUJbI C XOPAaMU, MpOXOAMIMMU Yepe3 MOJIEOC, 
IIeplHeCHMKyJIAPHBI. 
2 2 

p° = 2a“ cos 2p 
12. [lokaxurte, 4TO KacaTeJIbHble K JIEMHUCKaTe bepHyu , 
IIPOBeJICHHble B TOUKAX Mepece4ueHHA C XOPAONU, MpOXOAAMIeH Yepe3s MOIOC, 
TapasIeJIbHBI. 

ry =a" 

13. [lokaxurTe, 4TO OTPe30K KacaTeIbHON K rulepoosre , 3AKJIKOUCHHBIN MEK Ly 
OCAMM KOOPJIMHAT, JIeIMTCA TOUKOM KacaHuA TWOMOaM. 


14. [lokaxute, 4TO OTPe30K KacaTeJIbHOU K TpaKTpuce 


t 
r =(asimnt,a(cost +Ilntg 5)» 


Y 
3AKJIFOUCHHbIM MOKTY TOUKOH KaCaHia UW OCBIO — , UMCCT MIOCTOAHHY#FO JVIMHY. 


15. BaraucimtTe WIMHy yr KpHBow 
y=Incoss, z € 0,7 /3]; cos i y =asin’ t: 


1) 2) 

f= cost, y— pent: p=ay, y € [0,27]. 
3) 4) 

Ree ae eh ade IN) 

16. J|u1t TaHHbIX KPUBBIX HattywuTe BU PyHKUMU ,B 
3aBHCHMOCTH OT clocoOa 3aaHuAd KPUBOH. ABIAeTCA IM 9Ta PYHKUMA HelIpepbiIBHOH? 
MonotonHHon? JIuddepenuupyemon? C kakuMu (akTaMU HU TeOpeMaMH reoMeTpHH U 
MaTeMaTHYeECKOLO aHasIN3a 3TO CBA3AHO? 


y= oehle/a); rF=(a(t—sint), afl—cost)), a=const > 0; 
1) 2 


p=all+cosy): r =(asint, a(cost + Intg 5). 
3) 4) 
17. Bsraucumte KpuBu3Hy JaHHOU KpHBON B 3aaHHOU ee TOUKe, CHayasla UCIOJIB3yA 
TOTOBY!O (OPMYJY, a 3aTeM MO CIIeAYIOMeMy Way: WOJyIuTe ypaBHeHHe OIA 
CKOpOCTeH TIP paBHOMePpHOM JIBYMOKeCHHH M0 3TOM KPUBONH, 3aTeM BBIMHMCIIMTE 
aOCOJIOTHYFO BEJIMYHHY ero MpOu3BOHOH 0 "BpeMeHu" ft = s. 

y=sinz fe ee — 
1) B BepllMHax KpuBOH; 2) 


piney lee 2 — Oo r=acos*t, y =asin*t, i=7/6 
3) ; 4) 

e=¢t +1, y=2t-t, t=1/2; FSnecet yoasmt toy. 
5) 6) 
18. Kpnpu3Ha - XapakTepucTuka BTOporo nopsyKa. Pa3sarad 3aanHve KPHBOH B 
OKPeCTHOCTH JaHHOK TOUKH 10 PopMyie Tetopa c TOUHOCThIO JO BTOporo TopsyKa, 
IOJIYYMM 3ajJJaHve KPHBOHM BTOPOTO NOpAKa, KOTOPylO Ha30BeM CONpuKacarollenca 
TlapaOoIOM ITOM KPpHBON B JaHHOH ee TOUKe. BEraucIMTe KPHBU3HY KpHBOH B JaHHOW 
TOUKe, ee CONPUKacarollevca MapaooJibl B STON TOUKe U CpaBHUTe pe3yIbTATBI. 
y=smnfr, tT,=—0 ee eee ae 
I) ; 2) 

gz=£H41, y=2t—#, tp =1: fo Ment. i — eal, i ie 
3) 4) 
Oz2ubdarowas CeMeucméd NIOCKUX KPUBbIX, 3AaHHOTO ypaBHeHveM 
F(r,y,C) = 

- 9TO KpHBad, YIOBJICETBOpAIOMad CHCTeMe ypaBHeHuit 
Fizsi,y,0) =0, FPelz,9,0) =0 
e 
MW UMerollad OOMLYIO KacaTeJIbHYy!O C KaKOM-M00 KPUBOM CeMeHCTBA. 
a € (0,7/2) 
19. [lapabona bezonacHocmu. U3 TOuKM CTO], BCCBO3MOX%KHbIMH yriIaMu 
to 

K TOPH30HTY IpOW3BOJATCA BbICTPeJIbI C HAYAJIBHOM CKOPOCTBIO CHapsyia ~—-. Hate 
ypaBHeHHe rpaHulbl OOAaCTU, HEJOCTHXKUMON JIA CHAapsAJIOB. 


§2. IIpocrpancTBeHHble KpHBbIe 


Borpocbi Teopun 
IIpoctpaHcTBeHHBbIle KpuBbIle. 3aqaHve MpOCTpaHcTBeHHON KpuBOH. PerylapHoe 3ayqaHne 
KpvBou. PeryiapHad KpuBaad. HeaBHoe 3aaHve MpoOcTpaHCTBeHHON KpHBON. 
KacatTeJIbHad K IIpOCTpaHCTBeCHHOUW KpuHBOHK. EXMHUYHBIM BEKTOP KaCaTeJIbHOH. 
bBuHOpMalb MU P1aBHad HOPMaJIb UW UX CAMHMYHbIe BEKTOPhI. HopMasibHag, 
CONpHKacarollaAca M CIIpAMIIAFOMLad WIOCKOCTH. YcKOpeHue Mp KpHBOJIMHCHHOM 
JIBYOKEHUH VU BEKTOPBI COMpPOBOXKTarollero TpexrpaHHuka. KpuBu3Ha MpoOcTpaHcTBeHHOU 
KpuHBon. Teopema 0 mpamon. Kpyyenuve IpOcTpaHCTBeHHON KpuBON. Teopema 0 TIOCKOu 
KpvBon. DopMybI DpeHe. EcTeCTBeCHHbIN MapaMeTp U HaTypalIbHble ypaBHeHHA 
KPHBOH. 
OcHOBHBIe OpeleJIeHHA, pe3yJIbTaTbI, KOMMeHTAapun 
DiemenmapHou Kpueou 6 npocmpaHcmMee Ha3blBaeTCA OOPa3 OTKPbITOTO MHTepBasla 
(a,b) CR 7: (a,b) +R 
IIpH ero roMeoMopdu3Me B CBKJIMJOBO TpexMepHoe 
IIPOCTpaHCTBO. 
Ooweu Kpueou Ha NIOCKOCMU Ha3blBaeTCA MOAMHOXKECTBO CBKJIMJOBa IPOCTpaHcTsBa, 
OKaJIbBHO TOMeCOMOPdHOe IIpAMON. 
Kak WB Cily4ae TJIOCKUX KPMBBIX, BCAKAAd OOMIad KPUBad JJOMyCKaeT MOKpbITHe 
QJIEMCHTapHbIMU KPVBbIMH. 
Y 
Kpuspaa  3aylaHa Hes6HbIM ChocodoM 
Fee — 0 ea eee — ee) 
7 
CCIM KOOPMHATHI KAKTON TOUKM KPHBOM  YyOBJICTBOPAIOT OOOMM ypaBHeHHAM 
Plz.9,2) =U, lr) =O 


HanOosiee yHOOHbI MW HanOosIee YaCTO UCHOIb3YIOTCA BEKMOPHO-napamempuyeckoe 
npedcmaeeHue 
F(t) = (x(t), y(t), 2(t)), t € (a,b) 
e 
WM KOOpOUHamMHO-napamempuyecKoe npedcmaeilenue 


fol ae — oi lee eo ee 
e 

OTIIMMAaFOlMIMecsA JIM (OpMON 3anucn. 
OnpeyleneHue perysApHOCTH MapaMeTpHyeCcKOrLO IIpesCTaBJICHHA MpOCTpaHCTBeHHOH 
KPHBOH MOJIHOCTbIO AHAJIOIM4HO TJIOCKOMY CJly4aro. 
HespuHoe 3aaHue (5) KpuBOM perysIApHO B TOUKe P, ecm MaTpuIla YaCTHBIX 
IIPOM3BOJJHBIX 

oe eS (6) 
G, &, Ge, 


e 
MMEECT B ITOH TOUKe pany 2. 


[loHATHA JJIMHbI KPUBOUM, Ce ECTECTBCHHOM NapamMeTpu3allMu, a TakxKe OpeyesIeHue 
KaCaTeJIbHOHW MOJIHOCTbEO aHaJIOrMUHbI TEM 2%Ke MOHATHAM JIA MWJIOCKHX KPHBBIX. 
HarmpaBJIArollu BeEKTOp KacaTeJIbHOH - 39TO, NMO-MpexHeEMY, NpOu3BOTHaA ; 
UMerollad (PU3H4eCKHM CMBICJI CKOPOCTH, eCIIM WapamMeTpHyecKoe NpeyicTaBsIeHue 
KPHBOM MHTeplipeTupOBaTb KaK KHHEMATHYECKOE OMMCaHHe JIBYXKCHHA TOUKH. 
HopMaibHad NIOCKOCMb KPUBON B TOUKe - 9TO MJIOCKOCTh, MpOxoAllad Yepe3 TOUKY 
PopToroHasIbHO KacaTeJIbHON. 
Conpukacaroweuca niocKocmbi0 Kpueou B ee TOUKe P(puc. 17) Ha3biBaeTca 
coyepxKalllad ITY TOUKY MJIOCKOCTh &, YIOBJICTBOPAFOM[ad COOTHOIICHHIO 
Ses dist(t), a) = 
Q-P dist?(Q,P) ~~ 
@ 


rye - TOUKAa, IpHHaiexkalllad 9IEMeCHTapHOM OKPeCTHOCTH TOUKH FP. 


e Puc. 17. K ompeyenenuro colmpukacarollenca WIOCKOCTH 
CnpaAMJAIOWeu NIOCKOCMbI0 KPUu6OU B ee TOUKeE PHa3blBaeTcA COepxKalladt ITY TOUKY 
IWIOCKOCTb, OPTOrOHaJIbHad HOPMAJIBHON UW COMPHKAacarollleHCca MJIOCKOCTAM B 3TOU 
TOUKE. 


e IIpaMpie, OpTOrOHaIbHble COMpNKacarollleHcaA VU CIPAMJIAIOIUIeEH MJIOCKOCTAM B TOUKe FP, 
Ha3bIBaKOTCA COOTBETCTBCHHO OUHOPMAIJIbI0 VM 2/1A6HOU HOPMGJ1bIO KPUBOK B TOUKe P. 

e HopMasibHad, COmpuKacarollaica UW CIPAMIIAOMLad TIOCKOCTH OOpa3yrOT 
CONPOBOHCOAIOWUU Mpex2paHHUK KPUBOU, UM mpexepaHHuK PMpeue, B TOUKe PF, u 
Ha3bIBalOTCA ero epanamu. KacaTesibHad, OXHOPMAlIb U 1aBHad HOPMAlIb Ha3bIBalOTCA 
peOpamu CONpOBOXxKTarollero TpexrpaHHuKa (puc. 18). 


AODMTONGA MTOCKOCHTD CHDAALTARTIGA FTOCKOCHTS 


CONPHKGCHIOHIGACH 
NAOCKOChIb =—— 


e Puc. 18. CompospoxyzaroliMi TpexrpaHHuk KpuBoOn 
e YpaBHeHHA 3JIEMCHTOB COMPOBOKTaroOllero TpexrpaHHuka BbIGHCIAIOTCA TO 
CJIEJYFOINMM WpaBMiaM: 


|Kacarenbras ‘Hopmanpuas IIJIOCKOCTB 


R=Fi{tp)4+ uF (to) (R —Fltp), 7" (to)) =0 


| Bunopmam | Conpuxacaromascs IIJIOCKOCTB 


R=Fito) + ur’ (to) x F"(to) | (R—Fltp), 7" (to) x F"(to)) =0 


R=rlto)+ CripaMsiaroad TIOCKOCTB 


| 1aBHad HOPpMalIb 


4ul(F (to) x #"(tp)) x F(t) | (R—Flto), (F(t) x FP" (to) x F'(to)) = 0 


E7MHYUHBIe BCKTOPbI 


= F(t) 
r= —_ ; q 
KacaTesIbHOoi lw? (é} 
7 festa seceees tse ae) 
rlaBHolt HOpMasIn jr ett) x Fe (E)| [re te)| 


5 = Eee 
7 


OuHopMasIn Ir! (t) x F" (é)| 


OOpa3yrOT B TOUKeE tUpaBblii OPTOHOPMUPOBAaHHBIH perlep. 
Ec lapamMetTpu3allna ecmecmé6eHHaa, TO BEKTOP rlaBHOM HOPMalIM MOXKeT OBITS 

v= F"(s)/|F"(s)| 
BbIYHMCIICH TO (POpMyse 
BektTop yCKOpeHHA MOXeT OBITbh pa3JIOXKeH B CYMMY JIBYX COCTABJIAIOIIMX: HOPMaJIbHOW 
(OpTOrOHasIbHOH BEKTOPYy CKOPOCTH) HU TaHreHIMaJIbHOH (MapasWIeIbHOM BEKTOpy 
cKopoctTn). IIpu stTOM HOpMasibHad COCTAaBIIAIOIMad YCKOpeHHA COHalIpaBeHa 
eCJIMHUYHOMY BeKTOpy IlaBHON HOpMalIn. 

“y 

Ilyctb Pu - 2Be pa3IM4HbIeC TOUKH KPHBOH _ , COOTBETCTBYFOIIMe 3HAYCHHAM SU 


s+ As JAs| 


eCTeECTBEHHOIO Mapametpa. Torga - JJIMHa YP KpWBOU, 3aKJIKOUCHHON 


Mexiy TOuKaMH Pu .Ilycrh A@- BesMunHa yriia, OOpa3yeMOro KacaTeJIbHOH K 


(.) 7 


KPHBOH B TOUKeE M0 OTHOLICHHIO K KaCcaTeJIbHOU B TOUKe FP. Kpueu3Ha KpWUBOU Bee 
TouKe #- 9TO Mpeses 


_ évé dé 
ss fia == Sika =~. 
o-P As AsoodAs 
e 
B oTuMuHe OT KPHBH3HEI MIOCKOM KpHBOH, KpU6U3HAa NDOCMpaHcm6eHHOU KPUsOoU 6Cecda 


nolox#cumelbHa. KpvBu3Ha MIpOCTpaHCTBeHHOU KPHBOU B peryAPHOU TOUKe MO%KeT 
ObITb BbIMUCJIeHa HO POpMysiaM: 


P(t) x P(E) 


TEE , &C1H NapaMeTpHsalnaA 0NpPOHSBOIbHAaR: 


P"(s)I, 


CCIM HWapaMeTph3aludA CCTCCTBCHHad. 


: Y 
Ilyctb Pu - Be pa3M4HbIe TOUKH KPHBOK  , COOTBETCTBYIOMIMe 3HAaYCHHAM 
— — 
s+ As B(s) 8(s+ As) 
€CTECTBCHHOIO MapaMetTpa su COOTBETCTBEHHO, ul - 
C/IMHHYHbIe BEKTOPbI OUHOPMasIeH B ITHX TOUKAX (puc. 19). 


e Puc. 19. K ompeyzemrennto KpyyeHuad KpuBoH 
O6o03HauuM 3a A@BeIMUMHYy yrila MexK Ty HUMM. OuveBu HO, ITOT YrOJI paBeH YTILy, 


OOpa30BaHHOMY COMpnKacarollMuMUCA WJIOCKOCTAMH B TOUKaX Pu 
A6OcOJIOMHbIM Kpy¥eHueM KPUusOoU B TOUKe PHa3zbIBaroT BeIM4MHY 


ja¢| = lim AG _ lim Ag 
Q—P 


As Asoo As 


¥ 
Kpyuenue KpuBon — OllpeyesteTCA B COOTBETCTBHU CO CJICXYIOUIMM WpaBiJIOM: 


cs | a |; 
CCIM IPH JBWKCHHH BOJIb KPHBOM 0 HalipaBJICHH1O BO3paCcTaHHA MapaMetpa 


— 


p 
BEKTOP OHHOPMAJIM TOBOPpadHBaeTCA B CTOPOHY, YKa3bIBaeCMYIO BEKTOPOM PF, 
a = — |r| 
B IIPOTHBHOM Ciryyae. HarsiaqHoO 3TO O3HaYaeT, UTO KPHBas C 
TIOJIOXKUTCJIBHBIM KPy4eHHeM "3akKpyyeHa" 10 IpaBMly IpaBOro BHHTA. 
Kpy4eHue KpHBOH B TOUKe, COOTBETCTBYIOINIeH 3HAYCHHEO TapaMetTpa ¢, MO2KeT ObITb 
BbIMMCIICHO MO CJIeJLYFOIIMM (OpMy1aM: 


(T(t), 7), F(t) 


a _____——, ech napaMeTpH3alia DponSBObHaRg, 
FD XPD)? a | 


(r’ ( t) : pl (t ) : pe (t)) 
Tre oo, BOIN TAD AMCTPHIADNA OCTOCCTBCHHAA. 


j:2 
— 
a 
JI 1a T1pOM3BOTHbIX BEKTOPOB i, 0 CCTCCTBCHHOMY TlapaMeTpy CIipaBeJIMBbI 
qcopmyjlbi Ppene: 
| — 
| |e 
— 
vo = —k7r_— xf, 
a) 
a.) = ew 


kes) je aris) 
YpapHenna ui Ha3bIBalOTCA HAMYPAJbHbIMU YPAGHEHUAMU KPUBOU. 
Ilo HaTypasIbHbIM ypaBHeHuAM BUI KpHBOM MOxKeT ObITh BOCCTaHOBJICH C TOUHOCTHIO JO 
llepeMemleHua. B OosbIIMHCTBE Cy4aeB pelleHHe TakOl 3aadH OKa3bIBaeTCA OUCH 
CJIOXKHBIM. 
3aqa4n 
1. Ja WaHHEIx mpeycTaBeHHi KPUBBIX yKaxKUTe OOMACTb JOMNYCTUMBIX 3HayeHHi 
llapaMeTpa M OOacTb 3HaveHH MapaMeTpa, B KOTOPOM 3aqaHHve KpHBON perysApHo. 
1 r=acos2t, y= asin2t, z=0, O<t< 2a, a $0: 


\ oo y = asint, e=t, Q<t <4: 
2 


a 3 
r=cosu", y=snu’, z=2u, 0) us 2m: 


ee tp lee 
4) : 
2. Kpuspasa 3ajaHa HEABHbIMU ypaBHeHHAMH. M300pa3uTe Ha pUCyHKe BU KpUBOH. 
Ilocrpovite kakoe-HHOyb NapaMeTpuyeckKoe peCTaBIeCHHA STOM KpHBOH. YKaxKUTE 
OOaCTh JOMYCTHMOrO U3MeHeHHA MapametTpa U OOaCcTb peryApHOCcTU 
llapaMeTpuv3allun. 


2 Basen pa eee z 
ee 


1) 

Dea eee ee ee 
2) 
oy i ae 


3. Kpueaa Bueuanu oOpa30BaHa MepeceyeHueM cdepbl pawwyca 2AM WHIMHApa payuyca 
RF, upoxoysmjero uepe3 WeHTp cdepsi. Ilocrpovite napaMeTpuyeckoe lpeycTaBseHHe 
KpvBouv BuBuaHn. 
4. Bunxmoeaa sunua. OKPyXKHOCTh payuyca aIBMKeTCA Tak, 4UTO ee IICHTP 
TlepeMellaeTCA BAOIb OCH (Jz, IJIOCKOCTb OpTOroHasbHa OcH Cz. Ilo okpyxKHOCTH 
tp = 0 
PaBHOMepHO JIBYKeTCA TOUKA. B HayasIbBHbIM MOMCHT BpeMeHH TOUKa MMeeT 
(a,0,0) 
KOOpJMHaTHI . CocTaBbTe NapaMeTpHyeckive ypaBHeHHA KpUBOU, OMMCbIBAaeMON 
JaHHOUV TOUKON. 


Y 
5. Kpupaa 3aylaHa WepeceyveHveM WMIMHApH4eckKHx NOBepxXHOCTe 2* = ru 


ers a 
Iloctpovite napametpnuyeckoe mpeacTaBsiIeHve KPHBOM _ , He COAepxKatyee 
paaqukasios, UM Jalite ee u300paxKeHne. 
6. [loxaxute, 4TO JIMHUA 
y¥: r=senzy,; y=l—cosay;, z= a2cosy 


IIpHHaIexKUT cPepe U ABJIACTCA JIMHMeM NepeceyenuA MapadosMuyecKOrO UM KpyroBoro 
I[MJIMH POs. 
7. Havaute WIMHYy Ayr JMHun 


oo 


y=a/3 y=9a 


M@K]LY WIOCKOCTAMU u 
r=cost: y=sin't. zs =cos2t 
8. [lokaxkute, YTO KkpuBas 3aMKHYyTa UH MMeeT JWIMHY 
eon) . 


9. 3allMlIMTe B ECTECTBEHHON TapaMeTpu3alnu 


r=acost: y = asint: 
a) BUHTOBYIO JIMHHIO ; 


bea 
| 
=i 


0) rumepOosM4eCcKy!IO BUHTOBYI0 JIMHUEO 
10. Kpusas 3ayjana WapaMeTpuyeckH: 
ee er ee 
“aleea eo" Tere Nea ha eae fi 


nl = 


Hanuiliute ypaBHeHHua 
a) KacaTeJIbBHOM HM HOPMAJIbHOH WIOCKOCTH B TOUKe (1/4; 1/3; 1/2); 
r— Syt+22=0 
0) KacaTeJIbHOH, NapawieubHOM MWIOCKOCTH 
11. Hatjgute smuuto, 10 KOTOpOH KacaTeJIbHble K JIMHUM 
: 2 
£=—Acost, Y=—=Asnt, z= 


roy 
Il€peCeKaroT MJIOCKOCTb 
Cqabepuueckou unOuKampucoUu JaHHOK KPUBOK Ha3blBaeTCA TeEOMeETPHYeCKOe MeCTO 
KOHIJOB CJIMHMUHBIX KaCaTeJIbHbIX BEKTOPOB, OTIIOPKCHHBIX OT Hayasla KOOPAMHAT. 
12. JjanHa BUHTOBAas JIMHUA 


f= pN1cost, y= asnt, == kh. 
e 
a) Hamumute ypaBHeHue CeMeliCTBa KaCaTeJIBHBIX ITOM KPUBOU; 


6) yOezuTeCb B TOM, 4TO BCe KacaTeJIBHble K BUHTOBOM JIMHHM OOpa3yIOT C TJIOCKOCTBIO 


ry 
OJIMH WU TOT Ke yross; 


B) COCTaBbTe ypaBHeHHe KpHBOH, OOpasyeMOn TOUKaMH MepeceyeHHA KaCaTeCJIBHBIX C 
roy 

IIJIOCKOCTBIO 

Tr) Hatiaute cdepuyecky!o HHJMKaTpucy BUHTOBOH JIMHHM. 

13. JlokaxutTe, YTO BCe HOPMAJIBHbIe WIOCKOCTH KpHBOM BuBuann (3aa4a 3) IpoxodAT 

yepe3 Hayao KOOPAMHAT. 

14. CocTaBbTe ypaBHeHua OMHOPMAIIN UM rIaBHOM HOPMasIM KPHBOU B YKa3aHHOW TOUKe: 


ia: =i — a toc— 
1) 

g=nacost, y=eant, z=, inte 
2) 

ee SSqe aie fe al 
3) ; 

f=nacost. y—bsnt. z—t. tp =. 
4) 


15. Haiyute TouKH Ha KpHBOn 


r—y+8242=0 


B KOTOPBIX OHHOPMAJIb MapaselIbHa IJIOCKOCTU 
16. MatepnasbHad TOUKA JBYWKETCA B IIPOCTpaHCTBe M0 3aKOHYy 
z(ft)}=3t-—#, yft)=1l—t, z(t} =—3-—9t4+607 -—#. 

e 
YkKaxKUTe MOMEHTHI BPEMEHH, B KOTOPbIe 
a) €€ CKOPOCTb paBHa HyJIHO, HW CpaBHUTe UX CO 3HAYeCHHAMH Tapametpa t, Ip KOTOPbIX 
TapaMeTpuv3alludA TpaeKTOpHM HeperysapHa; 
6) HOPMaJIbHOe YCKOpeHHe TOUKH OPTOTOHaIbHO Cz. 
17. CocTaBbTe ypaBHeHuaA peOep u rpaHel COMpoBOxKTarollero TpexrpaHHuka JJaHHOn 
KPHBOU B yKa3aHHON TOUKe 


r({t) = (acost,asnit,bt), tp =7/2: 
I) 


rit) = (R+HAeost, Rant, 2ARan(t/2)), tp = an: 
2) 


=e eee a eg leas 1) 
fa Meee aoepet ee ete SE Oa yr lela ne 


18. /[1a WaHHOM KPHBOM BBIMHMCIIMTe KPUBH3HY B JaHHOM TOUKe CHayalia 10 TOTOBOM 
(bopMysle, a 3aTeM TIO CyIeytyrollemMy lwaHy: |) cocTaBbTe ypaBHeHue TOJ1A CMHU4HbIX 
KaCaTeJIBHbIX BEKTOPOB JJaHHOM KpHBON; 2) BBIYHCIMTe AOCOMIOTHY!O BeJIM4HHY 
IIpOW3BOJHON ITOFO MOJIA MO ECTECTBEHHOMY MapametTpy. Pe3yIbTaTbI CpaBHUTe. 
f=acost, y=ousint, z=ht, a>O0, 40, tp=a/2 
I) 
f= 2. — ina. ee Tye IL. 
2) 
19. Js KpuBEIX 3ana4uu 18 BEIauCcIMTe aOcOJIOTHOe Kpy4eHHe B JaHHOM TOUKe CcHayasa 
110 rOTOBOH POpMylle, a 3aTeM TIO CJIeAyIoOuleMy WiaHy: |) cocTaBbTe ypaBHeHHe MOJIA 
C/IMHHYHBIX BEKTOPOB OHHOPMAaJIN JAHHOK KpUBOHK; 2) BbIMUCJIUTe AOCOJIFOTHYIO 
BeJIM4HHY MpOW3BOHOUM ITOTO MOJIA MO ECTECTBEHHOMY MapametTpy. Pe3sysIbTaTbI 
CpaBHUTe. 
20. BaraucimtTe KpHBY3Hy U KpyyeHve JaHHOM KPHBOM MpOn3BOJIbHOM perysApHOU 
TOUKE: 


f= Reni, = asin t. ~— 0b ph oe 0 
1) ; 
f=ftht, Wasnt. 2 — at: 
2) 
r=acost, y=asin*t, = =cos2t: 
3) 
2 2 
ee <2 
4) 
21. Hatautre TOUKN paciipAMJIeHHA CJICYFOULMX KPUBBIX: 
yor, yz, 
I) 
ee ee ee ee 
2) 


ar 
| 
me 


r=cost, y=sin"t, 
3) , 
22. Havaute TOUKH yIIIOMWeHHA U yr, Ha KOTOPbIX KpyyeHue COXpaHAeT CBOM 3HAaK, y 
Ce YIOUMX KPUBBIX: 

.— it y=asant, ¢=anst; 
I) 

r=cosu, y=snu, =u" — YOu. 
2) 
23. Hammiinte HaTypasIbHble ypaBHeHHA, KOTOPbIM YOBJICTBOPAFOT Ce TYIOUMe 
KPUBBIe: 
= fest. Y= aint 2 — ot, is bo 


9 


i 


i 


r 
I) 

1 — ine y = bt". — 
2) 
24. Haiiqute TOUKM Ha KpuBOn 


ihe 


3 3 
f= C0e> te i — sit t,t — Conan, 
e 


B KOTOPbIX KPHBH3HAa IIPHHUMaAeT JIOKAIbBHO MMHMMAaJIbHOe 3HA4eHHE. 
25. Hataute TOUKM Ha KpHBor 


, t 
xr=a(t—sint), y = a(1— cost),  =4acos 5 
e 
B KOTOPBIX pawWyc KPUBH3HbI JOCTHTaeT JOKasIbHOrO MaKCHMymMa. 
26. JlokaxuTe, YTO CileyrollMe KPpUBbIe MIOCKHe, U COCTaBbTe ypaBHeHHA MIOCKOCTeH, B 
KOTOPBIX OHH pacriOJIO2KeHEI: 


1 | 
ie = — Se eS a = oe 
ee 1 27 y 23 + es » ¥ + a 


F(t) 


27. Hattaute Takyro PyHKILMEO _, 4TOObI KpuBasa 


£=a«acost, y= ant, z = ft) 


Oblia MIOCcKOM. Pemmte 3aga4y JByMa cliocoOamu: |) UcMOJIb3yA YCIOBHe MJIOCKOCTH U 
2) UCHOJIb3yA TOT (PaKT, YTO HCKOMAA KPHBaA IPWHAIexKUT KPyrOBOMY LMWIMH py 
(COCTaBbTe ero ypaBHeHue!). Pe3syibTaTbI CpaBHUTe. 

28. JlokaxuTe, UTO eCIIM BCe CONpPHKacarollMecaA MWIOCKOCTH JIMHHU IIpOXxOJAT 4epe3 
HeMOJBMKHYIO TOUKY A, TO JMHMA WIOCKad. 

29. JokaxKuTe, 4TO eCIIM COMpHKacarollMeca MWIOCKOCTH JIMHMM (OTIIM4HON OT TIpAMON) 
TapaJWIeIbHbI HEKOTOPOMY BeKTOPy @, TO JIMHUA TOCKad. 

30. Jlokaxute, 4TO ecuIM BCe HOPMAJIbHbIe WWIOCKOCTH JIMHUH WapasWIesIbHbI HEKOTOPOMy 
BEKTOpy d, TO JIMHMA WIM TIpaAmMad, WIM WOCKad. 


§3. [lopepxuocrs. Merpuueckne 3a4a4n Ha 


HNOBeCPpXxXHOCcTH 
Bompochli Teopun 
IlopepxHocts. CrocoOsl 3a7aHud WOBepxHocTH. PerysapHad NapaMeTpu3allnA 
TOBepXHOCTH. KoopyAuHaTHbIle JIMHUUM UW KOOPAMHAaTHad CeTb Ha MOBEPXHOCTH. 3azaua 
Kaptorpadun. KacatesibHas WJIOCKOCTb MOBeEpXHOCTH B ee riaqKOM TOUKe. HopMasib 
IOBepXHOCTH B ee riayqKoN TouKe. IlepBax kBayqpaTu4Had PopMa ToBepxHoctTy. JmMHa 
JIyYrM KPWBOU Ha MOBepXHOCTH. YrosI MEK TY KPUBBIMH Ha MOBepxXHOcTH. OptroronasibHble 
TpaeKTOpHU CeMeHMCTBAa KpUBbIX Ha WOBepxHoctTy. [[yomjayb WoBepxHoctu. KondopmMHoe 
oTOOpaxkeHHe NOBepxHoctTev. M30mMeTpua NOBepxHoctTeH. 
OcHOBHBIe OlpeeJIeHHA, Ppe3yJIbTaTbI, KOMMeHTapun 

u,v 
DiemeHmapHou ObsacMbiI0 Ha WIOCKOCTH WepeMeHHbIxX Ha3bIBaeTCA OOWACTh, 
rOMeOMOpdHad Kpyry. DQiemenmapHou nobepxHOCMb?io B IIpOCTpaHCcTBe IepeCMeHHBIX 


t's Us a 
Ha3bIBaeTCA MHOXKECTBO TOUK IIPOCTpaHcTBa, FOMCOMOPHHOe JIEMeHTapHow 


oOuacTH Ha WOCKOCTH. DyHKIMOHAIbHOe 3aaHve TOMeOMOpdu3Ma — (puic. 20) 


ee a — ee 


Ha3bIBaeTCA WapaMeTpHYeCKUM IIpeICTaBJIGHHeM MOBepxXHOcTH. OOpa3bl IpAMbIX Bua 
L=Up V=wUp 


u Ha3bIBalOTCA KOOPOUHAMHbIMU JUHUAMU Ha noeepxHocmu (puc. 20) u 
3aaloTCd ypaBHeCHHAMU 
z=cflup,v), vy=ylun,v), 2= zle0,V) 


WJ 
r=r(u,to), y=ylu,to), z= z(u,v), 


S (up, Up) 
UW K@KITOU TOUKS CTABUTCA B COOTBCTCTBUC Hapa GCC , HAa3bIBACMaA 


KDUBOJUHEUHbIMU KOOPOUHAMAMU. 


e Puc. 20. InemMeHTapHad MOBepXHOCTS UM KOOPJMHATHBIle JIMHHU 
Ooweu nogepxHocmb?0 Ha3bIBaeTCA MOJMHOXKECTBO CBKIIM OBA MpOCTpaHcTBa, JIOKaJIbHO 
TOMCOMOPOHOE eBKIMJOBON WIOCKOCcTH. HeoOxoyuMoe U JOCTaTOUHOe ycuOBHe 
OKaJIbHOM TOMCOMOPMHOCTH OTOOPaxKeHUA, 3a/JaBAaeMOrLO B OOJIacTH (GF TOCKOCTH 


u,v 
IlepCMCHHBIX peryapHbIMH PyHKUMAMU 
ee ne kn 
e 
- ITO paBeHCTBO 
rank Be ee | ea 


Te Ye ee 
e 


OueBu HO, 4TO oomas MOBCPXHOCTb JOMYCKaACT WOKPbITHE JICMCHTaAaPHbIMU 


IIOBEPXHOCTAMH. 
CeTb KOOPAMHaTHBIX JIMHUM MOBeEPXHOCTH, WIM KOOPOUHAMHAA cemb, Ha3blBaeTCA 
=) 
A xF, £0. 
npaéeulbHoUu B TOUKe FP, ecsIM B STON TOUKE BbIMOJHeEHO yCIOBMe 
Tu Ty . (up, t 0) 
HetpyHO 3aMeTHTh, 4TO 4YACTHBbIC IPOM3BOUHbIEe UA 8B JaHHOM TOUKe 
U= Wp 
IIpeCTaBJIAIOT COOOM KacaTeJIBHbIe BEKTOPbI K KOOPJIMHAaTHBIM JIMHUAM ui 
u = Up 


COOTBeTCTBeHHO. IlosTOMy ycNOBNe IpaBMJIbHOCTH KOOPAMHAaTHOU CeTH B TOUKe 
TpeOyeT, UTOOBI KaCaTeJIbHbIe BEKTOPbI K KOOPJMHATHBIM JIMHUAM B ITOM TOUKe OBIIM 
HeKOJWIMHeapHsl. B asibHeMUIeM OyYT pacCMaTpUBAaTbCA TOJIBKO TaKWe TOUKH Ha 
IIOBEPXHOCTH. 


BbyleM Ha3bIBaTb MOBepxHocTs © *-perysApHow, ecu ona OOsaqaeT MapaMeTpu3alnel 


a — rae 
, MMeFOIei HelIpepbIBHble YaCTHbIe MPOM3BOTHBIC 


a a = il. 
nopsaka &, IpHuem B KaxKOM TOUKe BbINMOJHeHO yCOBHe 
Fiziy,z) =O, 
IloBepxHOcTb 3aJaHa HeEABHbIM ypaBHeHHemM CCIM KOOPAMHATHI KaKTOn 
Plz,y,z) 


Ce TOUKH YHOBJICTBOPALOT STOMY YpaBHCHHFo. 


ae 
ei dist(Q,P)™~ 


oe 


rt ene 


e Puc. 21. K ompeyzenenuto KacaTesIbHOM MIOCKOCTH 


Ilyctb Pu - Be pa3uM4HbIle TOUKM Ha HoBepxHocTu |. Kacametbuou niocKocmbi0 
noeepxuocmu ©BToOUKe P(puc. 21) Ha3bIBaeTCA MWIOCKOCTh o&, WpOxoyamad yepe3 
TOUKy Pu yAOBIeTBOPAIOIIad COOTHOIMIeHHIO 
dist(Q,0) _ 
Q—P dist(P,@) 
e 


YpaBHeHuHe KacaTeJIbHOH MJIOCKOCTH NMOBepxHocTuw B ToOUKe Cc KPHBOJIMHCHHbIMU 


(uo, Up) (70; Yo, 20) 
KOOpaMHaTaMu (1 JeKapTOBbIMH KOOpAMHaTaMu ) MOxeT OBITE 


BbIYHCIICHO MO OHO 3 CIeAYIOWMx PopMysI: 


4 ' 
(A _ r(uo, to) )sTu (uo, Up)» Tu (uo, up)) =0 
Ip WapaMeTpH4eCKOM 3aaHHH, 


(X —_ ro) F; (To; Uo, zo) os bs _ Yo) oy ae Uos Zo) + (Z- zo) Ps (To, Yo, 20) =f 


IIpW HCABHOM 3ajJlaHVin. 


Ga (uo, to Deis (wo, vo) 
IlepBoe u3 ypaBHeHu O3HadaeT, YTO BEKTOPBI oOOpa3yloT Oa3Cc 
(wo, Up). 
KaCaTeJIBHbIX BEKTOPOB B TOUKe 
Hopmajb nogepxHocmu B TOUKe P- 3TO IIpAMad, OPTOTOHAIbHad KacaTeJIbHOU 
IWIOCKOCTH, IpOBeCHHOU B STON TOUKe MOBeEpXHOCcTH. YpaBHeHHA HOpMalIv 


(wo, vp) 
IIOBEpXHOCTH B TOUKe Cc KPHBOJIMHeEMHbIMM KOOpAMHaTaMu (m4 jleKap- 
fe O+ Yo, Zo) 

TOBbIMH KOOpAMHaTaMu ) MOryT ObITb BbIYMCICHBI 10 (POpMys1aM 

4 == Lo ¥ = Yo PA — =O 

yO DCS sor TapaMeTpHYteckoM Ae TA PH 
Uu «yu oy wy fu Yu 
Uy sy my Dy Dy Uy 
A—Tp = Y —yo = “4 — Zp 
F, F, F, 


pW HCABHOM 3aJJaHHu. 


Bce 4acTHble NpOu3BOJHbIe B STHX POPMyaX BbIMHCJICHbI B TOUKe P. 

Tellepb MbI MO?KeEM JlaTb TEOMeTPHYECKyIO HHTeplperallHto YCJIOBUEO peryAPHOCTH 
He€ABHOIO 3aJJaHuA KPHBOH B IpocTpaHctse. IlopepxHoctu Lu W, umeromme oOnryro 
TOUKy Jd, Ha30BeM nepeceKaroljumMUucA MpaHceepcalbHo 6 mouKe Hd, ecsIM Ux 
KacaTeJIbHble MJIOCKOCTH, MIpOBeCHHBIe B STON TOUKe, NepeceKaiomca. 


e 

e Puc. 22. TpancBepcasbHoe lepeceyeHue MOBepxHOcTer 
CorjlacHO H3BeECTHOM TeOpeMe aHaJIMTHYeECKON FeOMETPUH, JIA STOO HEOOXOAMMO U 
JJOCTATOUHO, UTOOKI BEKTOPbI HOPMAIIN KaCaTeJIbHbIX IJIOCKOCTeH, a CJIEOBaTeJIbHO, 
BCKTOPbI HOPMAJIN MOBepXHOCTeH, OBI HeKOJIUHeapHbl B TOUKe JW (puc. 22). Takum 
00pa30M, YCJOBHe MaKCHMaJIBHOCTH paHra MaTpHIbl (6) - 9TO ycuIOBHe 
TpaHCBepcaJIBHOCTH MepeceyeHuA MOBeEPpXHOCTeH B TOUKE. 
Ilepeou kKeadpamuyHou d@opmou noeepxHocmu PHAa3sbIBaeTCA CKQILAPHbIU KeaOpam 
nepeozo Ouqdqdepenyuasa paduyc-6eKmopa ee MOYKU: 

I= (dr)? = Edu* + 2F dude + Gd’, 
e 

ryje BBeJCHbI KAHOHMYeCKHe 0003HANeCHHA 


E = (7, fu,v))*, F = (7, (u,v), 7, (u,v)), G = (r, (u,v). 


B,F,G 

IIpu 9ToM KOs@MuUMeHTHI ‘* sBuIKKOTCH (DYHKIMAMM TOUKM TOBeEPXHOCTH. 
IlepBasa KBaypaTH4uHad (OpMa MOBeEpXHOCTH HeceT HHMOPMAaILIHIO O CBOMCTBaX 
W3MepeHHA JVIMH, YrIOB U IWIOMayev Ha MOBepXHOCTH, ABJIAACh CBOCOOpPa3HbIM 
"CclIpaBOUHHKOM reoye3ncta". IlepByro KBaawpaTH4Hy!1O (OPMYy MOBEPXHOCTH Ha3bIBaroT 
Takoke mempuueckou dopmou. 
Tak KaK B CBKJIMJJOBOM IIpOCTpaHCTBe CKaJIAPHbIM KBalIpaT JHOOOrO HeHYyIeBOrO BeKTOpa 
CTPOro TOJIOHKUTEICH, TO MU WepBad KBaapaTu4Had (opMa JHOOON perysaApHou 

f>0 
IIOBEPXHOCTH B CBKJIMJJOBOM IIpOCTpaHCTBe NOJOH#CUMEJIbHO ONPedeeHd, TO CCTb ; 


— 
W Heeblpoocoena, TO ecTtb £ =(tonbKo mpu dr =O. 


J|smHa KpUBOK Ha MOBEPXHOCTH MOXeT OBIT UpejICTaBJIeHa KPHBOJIMHCMHbIM 
UHTeErpasioM 


ay) = / VI. 
i 


4 u=u(t),v=v(t) t€ [a,b], 
e Ecim kpusaa  3a]aHa WapaMeTpuyecKHM CHOCOO0M : TO 
IepBbIM WHdepeniMall payuyc-BekTopa TOYKH BAOJIb ITOM KPHBOM Ip NOJCTAaHOBKe 
du=wu'(t)dt du =v'(t)dt 
; IIpMHUMaeT BU 
dF = #,(u(t),v(t)) w(t) dt + F, (u(t), v(t) v(t) at. 
e 
e JloyqcTaHoBKa NOJYYeCHHOLO BbIPaxKeHHA B POPMYIIY JVIMHbI KPHBOM Ha NOBepXHOcTU 
IIPHBOAUT K pe3ylIbTaTy (MHTerpall OlpezesIeHHbIM! ) 


p 
ey) = [ieatult),2 (t)))°ul “(£) + 2(Fu(u(t), v(t)), Fe (u(t), v(t) ew (t)e" (t)+ 


b 
+(F,(u(t),v(t)))?e’ 2(¢))/?dt = / [Bul ?(t) + 2F u(t)’ (t) + Ge’ 2(e)]!/2at. 


dr —r,du+r,dv 
Juddepenuna B (PMKCHpOBaHHOM HalipaBJIeHHi MO2%KHO 
HHTeplipeTHpOBaThb Kak KaCcaTeJIbHbIN BEKTOP OeCKOHCYHO MaJION JJIMHbI, MMCHOIUIHH B 
= = 
ea (du, dv). 
Oa3Hce KaCaTeJIbHbIX BEKTOPOB KOOP]MHAarTBI Ha30BeM HanpaéJleHuem B 
(up, Up) 
TOUKe KJIaCC KOJIJIMHeapHbIxX O€CKOHEYHO MAalJIbIX KACATCJIBHbIX BEKTOPOB. 


e Puc. 23. Yrol Mex Y KpUBbIMU Ha WOBepXHOCTH 
e Torja HalpaBsIeHHe MOXeT ObITb yKa3aHo "OJTHOPOJHbIMM KOOPMHaTaMH" 
d = (du : dv) 
. OYeBU AHO B3aMMHO OJHO3HAYHOe COOTBETCTBHE 
(M4 laxke FOMCOMOPOu3M) MHOXKECTBA HallpaBJICHHH B TOUKe NHOBepXHOCTH U 
IIPOCKTHBHON IIpAMON. 


cos é@ 


YIJIOM M@XK TY KPHBbIMH Ha TOBepXHOCTH (puc. 23), MepeceKarolMMUcA B TOUKe P, 
Ha3bIBaeTCA YO, OOPpa3s0BaHHbIN KacaTeJIbHbIMU HalpaBJICGHHAMU K KPUBBIM B ITO 


dy = (dyu div) ds = (dow ' dow) 


TOUKe. PaccMOTpUM J1Ba HallpaBJIeHHA u 
Yron @MexKy HallpaBJICHHAMH MO?KHO BBIMUCIIATb KaK YrOJI MeXKLyY UX 
IIpeICTaBUTeJIAMH. 


Ero KOCHHyc paBeH 


(E dy u= + ZF dy ud, Uv + (> dy, u} (E ds us + oF dou dot + ‘. djvu) 


I(di, dz ) 
V/T (di) T(d2) 


d, dz 
HanpapieHua UW Ha TWOBEPXHOCTH OPTOTOHAIIbHbI TOA UW TOJIbKO Tora, Kora 
I(di,dz) =0 (wo, vo) 

. IlycTb B OKpeCTHOCTH TOUKH Ha MoBepxHocTu ‘3aqaHo 

plu,v)=C 
C€MeCHCTBO KPUBBIX, IpeCTaBJICHHbIX HeABHbIMUM ypaBHeHHAMH Bua , rae 
ip (uo, vo) 
(’- NOCTOAHHBIe, —- AHdepenuupyemasx dyHKunA. IlycTb B TOUKe 


See ee 
Py + py FO. ; ; 
BbIMOJIHeCHO YCIOBHe JIMHUM CeMelCTBa MMEIOT B KaKOU TOUKe 
' (Pu ! —Pu). 
paccMaTpHBaeMOl OKPecTHOCTH HaripaBsIeHHe Torga HalpaBseHue 
(du : du) e(ujvj)=C 
IMHUU, OPTOrOHAIbHOM JIMHHAM CeMelicTBa , YAOBJICTBOPAeT 
COOTHOINCHHIO OPTOTOHaJIBHOCTH 
Ew, du+F (pw, du— yp, du) Gy, dv =0 
e 
WIM, PAaBHOCHJIbHO, 


(Ey, —Fy,)du+ (Fy, —Gy,) du =0. 


Tlomy4eHHoe ypaBHeHue aBsIAeTCA TuddepeHI{MaubHbIM ypaBHeHHeM CeMelicTBa 
sf) — 
KPHBBbIX, OPTOTOHAJIBHBIX CeMeMCTBY, 38aHHOMYy ypaBHeHHAMU 
(= const. 
IInomaab 4acTH MOBepXxHOCTH, 3ajaBaeMOl MapaMeTpuyecKHM ypaBHeHieM 
f= Flu) u,v 
, OMpeeJICHHbIM Ha KOMMaKTHOM OOacTH DnsockocTH MepeMeHHBIX 
C KyCOUHO rilayqKo rpanuuei oD, BeraucuaroT 00 dpopmyiie: 


S= [ [lr x Fldudv = | [ EG — F? dudv. 


f:@-ywv 
T'omMeoMop()u3M IIOBEPXHOCTeH Ha3bIBaeTCA UZOMEMpUeU, CCIM MOBeEPpXHOCTH 
Du WMoxHO WapaMeTpv30BaTb Tak, 4TO lepBad KBaypaTu4Had (OpMa NOBeEpXHOCTH 


DB OOOH TOUKe PpaBHa TepBor KBalIpaTH4HOHK (opMe WOBepxHocTu WB TOUKe 


f(P). 


e OveBHJIHO, COOTBETCTBCHHbIC KPUBbIC H30OMCTPHYHbIX MOBEPXHOCTAX MMEIOT PaBHBIe 
JJIMHbI. OOpaTHoe TakxKe BepHO. Kpome 9TOTO, Ha H30MCTPHYHbIX MOBEPXHOCTAX YIIbI 
M@2*KJLY COOTBETCTBCHHbIMH KPHBbIMH PaBHBl, HU IJIOWaW COOTBETCTBCHHBIX OOJIacTeH 
TaKKe PpaBHBI. 

e TakoKe UMeeTCA BaxKHbIM Kacc FOMCOMOPMH3MOB MOBeEpXHOCTeH, BKJIFOUAIOINMH B CeOsr 

f:@-v 
w30MeTpuu. I’omeomMopd@u3M IMOBeEpXHOCTeH Ha3bIBaeTCA KOHQOPMHbIM 


‘Yl # ‘¥2 
OmoOpaoceHueM, CCIM [WIA IHOObIX WepeceKaroljMxXCA KPUBbIX u Ha IlOBeCpXHOCTH 


ij (v2) f (2) 
 oOpa3yeMbIit MMH YrOJI paBeH YIly Me%K TY KPHBbIMU u Ha NOBepXHOCcTu 
W. OuveBu HO, BCAKAA W3OMCTPUA ABIIACTCA KOHMOPMHBIM OTOOpaxKeHHeM. 
e 3Saraun 
e = 1. Lusnunopuyeckaa cucmema KoopouHam 6 npocmpancmeée 3ajaeTCA Tak, KaK 110Ka3aHo 
Ha puc. 24 a). 


d) 


e 
e Puc. 24. a) wma yapuyeckas cuctTema KkoopyaMHatT 0) Cchepuyueckasd CHucTeMa KOOPJMHAaT 
e Hatuimte BbIpaxkeHue JeKapTOBbIX KOOpJMHAaT 
a sz} (r, YP, 2) 
TOUKH yepe3 ee IMIMHIpu4eckve KOOPMHAaTbI UW lipaBiia oOOpaTHoro 
llepexoya. CocTaBbTe NapaMeTpuyeckoe pescTaBIeHve MpAMOrO KpyroBoro WHIHHApa 
paauyca r, OCb KOTOpOrO COBHayaeT Cc OCbIO ammsuKaT. U300pa3uTe Ha puCcyHKe BUI 
KOOPAHHAaTHBIX JIMHUM MOCTPOeCHHOLO MapaMeTpuyecKOroO NpeyscTaBuenua. Uccnenyiite 
9TO NIpescTaBJICHHe Ha PeryAPHOCT. 
e 2. Cehepuueckaa cucmema KoopouHam 6 npOcmpaHcmee 3a]aeTCA Tak, KaK T1OKa3aHO Ha 


(7,y52) 
puc. 24 6). HarmummtTe BbIpaxeHue JIeKapTOBbIX KOOPAHHaT TOUKU yepe3 ee 


(P,P. 
cdbepuueckne KOOPAMHATHI U WpaBusia OOpaTHoro Mepexoyja. CocTaBbTe 


llapaMetTpuyeckoe TpeyscTaBsIeHue cibepbl payuyca | I[CHTp KOTOPOM COBMEIIeH C 
HayasIOM KoopyMHaT. M300pa3ute Ha pHcyHKe BU, KOOPAMHAaTHBIX JIMHUM MOCTpOeHHOrO 
TapaMeTpuyecKOro MpeycTaByeHuad. Uccneqyute 3TO IpeCTaBJIEHve Ha PerysIAPHOCTE. 
Bo Bcex JM TOUKAaX Cdbepbl KOOPAMHATHAA CeTb paBusibHa? 

e 3. JjaHo napamMeTpuyeckoe lpeyscTaBsIeHve MOBepxHOCcTH. Onrpeyesute U u300pa3uTe Ha 
PHcyHKe BUI MOBeEpXHOCTH UW KOOPAMHATHbI!e JIMHWM. YkKaxKUTe OOACTh U3MeCHeEHHA 
trapametTpos. [[papusbHad JIM Ha STON MOBEPXHOCTH KOOPMHAaTHAaA CeTb? 


Flu,v) =(acosucosv: bsmucosv: csinv): 


I) 
Flu,v) =(achuccsv: achusinv: cshw): 
2) 
rlu,v) =(ashucosv; ashusinv:; echw);: 
3) 
flu,v) = (Vue cos U: 1 uz + sine: u): 
4) 
r(u,v) =(aucosv; busine: 3p): 
5) 
; cee ae eo ie ane 
P(u,v) =(auchy:, bush: 3p)’ 
6) 
Flu,v) =(acosv; asin: w): 
7) 
Flu,v) =(aucosv; businv: cu): 
8) 
Flu,v) =((a+bcosv)cosu; (a+ bcosv)smu;: bsinv): 
9) 
rlu,v) = (vu? +a? cosy; yu?+a?siny; aflntg 5 +cosu)), u # 7/2. 
10) 


y:r=flu),2 =9(u), 
4. Ilogepxuocmb 6pawenus. Kpuspaa pacnosIO*KeHHad B 


IWIOCKOCTH xrt/z, BpalilaeTca BOKpyr ocu (/z. CocTaBbTe ypaBHeHHe MOBepxXHOCTH, 
oOpa3yeMOH STON KpuBOH. JloKaxKUTe, ITO HOPMasIb NOBEPXHOCTH BpallleHuA 
paciosIOx#KeHa B MWIOCKOCTH, MpOxoAllleH Yepe3 OCb BpallleHHaA. 


y 
KpuBylo  Ha30BeM Obpa3yroleu TOBEpXHOCTH BpallleHua. 
5. CocTaBbTe NapaMeTpuyeckKoe 3ajaHve MOBEPXHOCTH BpallleHHA C OCbIO Czu 


oOpa3yrollen 

7 — Meri. — ae 
I) 

ie — eres 
2) 

r=achu, z= hshy 
3) 

are 
yi r= flu) yo :T = g(v) 
6. [logepxHocmb nepenoca. J\Be KpuBble u “TlepeCeKaroTCsA B 
Ss = 
OP = f(up) = glt) 
TouKe P, TaKOH, 4TO , MPAHCBEPCAJIbHO, TO ECTb 
- 
Ff" (up) I g"(vp) nl io 
. Kpupaax — wepeMemllaeTcaA MOCTyMaTesIbHO Tak, UTO ee TOUKA 
3 

CKOJIb3UT 10 KPHBOH _—. 3aMeTAeCMas CHO TIOBEPXHOCTb Ha3bIBaeTCA MOBEPXHOCTBIO 
llepeHoca. 
1) CocTaBbTe HapaMeTpHyeckoe peyicTaBsIeHve 3TOM NOBepxHocTH. M3MeHuTcaA JIM BUY 


“V1 “2 
MOBCPpXHOCTH HepeHoca, eCJIM KPUBbIe U TMOMCHAThb pou1amMu? 


2) JlokaxKuTe, YTO KacaTeJIbHble WIOCKOCTH HMOBepXHOCTH MWepeHoca BAOJIb 
KOOPAMHaTHOH JIMHYUN uw = const lapasiesIbHbI HEKOTOPON TIpAMON. 
3) Jlokaxute, TO MapaOoONON I ABJIAIOTCA MOBeEPXHOCTAMH WepeHoca. 


“yl Fa 
Yxa3zanue. B kayecTBe KPUBBIX HU BbIOepuTe MNapaOoJIbI, pactOO2#XeHHbIe BO 


B3aHMHO OPTOFOHAJIbHBbIX MJIOCKOCTAX. 
7. OOoOweHHaA YUuUHOpuUecKasd NobepxHocmb. B ycNOBUN pes bILyuen 3ayaqH 


“V1 
C4UMTAUTe JIMHUIO NpAMON, lapasVIesIbHOH BEKTOPy a. Ilomyuaemaa TaKUM CIOCOOOM 


IIOBePXHOCTb MepeHoca Ha3blBaeTCA OOOOMICHHON WHIIMHApPU4eCcKON MOBeEpXHOCTBIO. 
Iloctpovite ee MapametTpuyeckoe TIpeyCTaBsIeHve HU ypaBHeHHe CEMeHCTBA KaCaTeJIBHBbIX 
IWIOCKOCTeH K WHJIMHJIPHYeCKON NOBEPXHOCTH B Tex ee TOUKAX, B KOTOPbIX 
g’(v) x20 
. UTO MOXKHO CKa3aTb O KaCaTeJIBHbIX MIOCKOCTAX IMIIMHApuyeckou 


IOBeEpxXHOCTH? 
8. O6o6wenHaA KOHUYECKAA NoBepxHOcMb OOPa30BaHa BCeMH IIPAMBIMH, 
— 
yi r= flu) 
TepeceKarollMMU JAHHYIO KPUBY!O VW IpOXOJANIMMU Yepe3 TOUKY S&, 
S€ +. 7 


IIpu 9TOM KpuBad Ha3bIBaeTCA HaNpaeAIOWeU, a TIPAMBIe - OOpa3yioujumMu 
KOHHYeCKON NOBepxXHocTH. CocTaBbTe MapaMeTpuyecKoe peyscTaBsIeHHe KOHMYeECKON 
IIOBEPXHOCTH MU ypaBHeHHe CEMeHCTBa KaCaTeJIbHbIX MJIOCKOCTeH K KOHHY4eECKON 


7, x (FOS) 40 


IIOBEpXHOCTH B Tex €€ TOUKAX, B KOTOPbIX . UTo 
MO2KHO CKa3aTb O KAaCaTeJIBHbIX MJIOCKOCTAX KOHHYeECKON MOBeEpXHOCTH? 
‘| or ie 
9. Buumoeas noeepxuocmp. IIpamaa BpalljaeTca BOKpyr ocu Clzu 


OJIHOBPeCMEHHO MepeMeli[aeTca BAOJIb Hee TAK, YTO MepeMellleHve MpPONOpIMOHAaJIbHO 

yruly MOBOpoTa. ONMChIBAaeMAad ITON IIPAMOUM MOBEPXHOCTb Ha3bIBaeTCA BUHTOBONM 

MOBepXHOCTbW. HallMuiMTe NapamMeTpnueckoe NpeycTaBsIeHve BAHTOBOUM MOBeEpXHOCTH U 

jJauite ee U300paxKeHne. 

10. O606wennaa eunmo6aad noBepxHocmb. B ycHOBUN IipebIAyuen 3ayqa4quW 3aMeHUTe 
_2=flu) r=glu) 

IIPAMY!O JIMHHeK : 

OMMCbIBAeMON NWOBepxHocrTH. Ilonaraa 


. Harmmutre tWapaMetTpuyeckoe npeyicTaBsieHue 


f=, 2—e—, us fl r=a4+bcosu, y = bsinu 

I) ; 2) 

HalluMllutTe WapaMerTpnyeckue TipescTaBeHuaA U alte W300paxkKeHHA MOJY4ICHHbIX 
MOBeEpXHOCTeH. 

11. Tpy6uamaa nogepxHocmb OOpa30BaHa BCEMH OKPyKHOCTAMHM HOCTOAHHOLO payuyca 


heii 
ac I[CeHTpaMH Ha KpHBOnK PpacnOJIOX#KeCHHbIMH B HOPMAJIBHBIX MJIOCKOCTAX 
9TOM KpuBOn. Cuutas, ITO s- CCTECTBCHHBIM WapaMeTp KPHBOUM, KpUuBu3Ha &KPUBON 
ak <1 
OTIM4HA OT HyJIA U , COCTABbTe HapaMeTpuyeCKOe NpeyicTaBseHve TpyOuaTon 


IIOBepXHOCTH. 


od] 


F(S,p) 


e Puc. 25. TpyOuataa NOBepxXHOCcTB 
Pewenue. (puc. 25) IIpeactrapum payMyc - BeEKTOp TOUKH MOBepXHOCTH B BUI CYMMBI 
rls,y)=rls)+pls,"), ; ' 
rye _- MOAPHbIM yrOI B HOPMAJIBHON MIOCKOCTU 


T 
KDHBOU , OTCUNTHIBACMBIN OT PIAaBHOU HOPMaJIN TO HallpaBJICHUWtO K OMHOpMaln, 


pls, ) fT ine "! 
- COOTBCTCTBYFOITMH NOJLIPHbIN PayWyc . Torya 
— — 
=f 1 
Als,y) =aP(s)cosptai(s)siny, 5) Als) 
rye uU - CTMHUYHbIC BCKTOPBI r1aBHOu 

HOPMaJIH HW OMHOPMAIIN B TOUKE, COOTBETCTBYFOINeCH 3HAYCHHIO seCTECTBCHHOTO 
i} + 
r’(s) =T(s), 

llapamMetpa. 3aMeTuM, YTO B eCTeECTBCHHOM MapaMeTpu3aluu 

F. (=) — kr[s} 

U 


+ 
ff{s\x rots) = kof). 
OTH ypaBHeHHA MO3BOJAIOT BbIPa3HTb CAMHUYHbIC 


Fils): 


HallpaBJIArOllWe BEKTOPbI TpexrpaHHuka Mpene yepe3 NPOM3BOHbIe BeKTOpa 


El dl 
D(s) = =F"(s), G(s) = TF"(s) x #”"(s). 


r[s,y) 


IloacTaHoska B BbIpaxkKeHHe JIA paaquyc - BeKTopa IIPHBOJUT K OKOHYATEJIBHOMY 
BbIpaxKCHUFO 


*(s, 9) = Fs) + ai(s) cosy + a(s) sing 


il 1 
= PteiieE arr (s) cosy + arr (s) x F'(s)siny. 


Y 
JlokaxxKuTe, TO HOPMallb TpyOuaTOH MOBepXHOCTH MepeceKaeT KPHBY!IO  U ABJIACTCA ee 


HOPMaJIBIO. 
Yxka3anue. Bocnoub3yitech PopMyiamMu DOpeue. 


CoctTaBbTe MapaMeTpHyeckoe lipeyscTaBsieHve TpyOuaTOH NOBepXHOCTH, ecu 
2 2 zZ 
tes eee 
, a paauyc oOpa3yrolleH OKpyKHOCTH a= 1. 
12. JlokaxutTe, 4TO CYMMa KBalIpaTOB OTPe3KOB, OTCCEKACMBIX Ha OCAX KOOPJMHAT 


co == (Ne pha OL =e oes (a* — ee 


KacaTeJIBHOU IJIOCKOCTbBIO TNOBeEpXHOCTH 
, He 3ABUCHT OT BbIOOpa TOUKU Ha MOBeEpXHOCTH. 
ryz =a* 
13. JlokaxutTe, 4TO KaCcaTeJIBHbIle MJIOCKOCTH K IOBeEpXHOCTU OOpa3yrOT C 
KOOPJIMHaTHBIMH IJIOCKOCTAMH TeTpadpbI MOCTOAHHOTO OObema. 
ea 
14. Jlokaxute, 4TO KaCaTeJIbHble IJIOCKOCTH K IIOBeEpXHOCTU B TOUKAX 
(a,—a,Q0) 
OOpa3ylOT MY4OK WIOCKOCTeH. 


=k 
y:r= Flu) 
15. Jlana kpuBas , re uw- CCTECTBCHHbIN NapamMetTp. HavauTe nepByto 
KBaqpaTH4Hylo (OPMy MOBepXHOCTH, OOpa30BaHHON 
Y 


1) KacaTeJIbHbIMH K KpHBOH — ; 
2) raBHbIMM HOPMaJIAMH; 


t 
3) OMHOPMAJIAMU KpUuBOK 


iF = flu) 

16. Ha noBepxHocTn, OOpa30BaHHOH KacaTeJIbHbIMH K KpHBOM ,rqe a- 
eCTeCTBCHHBIN Mapametp, 

1) cocTaBbTe JU@epeniMasbHoe ypaBHeHHe OPTOOHAIbHbIX TpaeKTOPHM K CeEMeHCTBY 
IIPAMOJIMHEHHBIX OOPa3yrIOuluXx; 
2) HanMUMUte 7uddepenHuMalbHoe ypaBHeHHe JIMHUM, WepeceKarollux IpAMOJIMHeHHBIe 
OOpa3yroOlle OJ, MOCTOAHHBIM YIJIOM &; 
3) yOexMTeCb B TOM, 4TO OOACTb STON NOBEPXHOCTH HasIOx#KUMa Ha WJIOCKOCTB. 

Plu,v) = (wcosv; usin v; av ) 

17. Jian 1psmMowu resmkouy 

1) BsraucamrTe ero TepBytO KBayIpaTH4Hy!to (OpMy. 
2) Hawyute yrou MexKTY KOOPAMHaTHbIMH JIMHUAMH Kak (YHKUMEO TOUKH. 
3) CocTaBbTe ypaBHeHHe OUCCeEKTOPHEIX JIMHUM JIA JIMHUM KOOPAMHAaTHOH CeTH. 
4) IIpoBeppte, 4To ceTb, JUMepeniMasbHOe ypaBHeHHe KOTOPOH UMeeT BUT 

it ie ie 

, OPTOTOHAIIbHA. 

5) Barancamte m1omayb YeTbIPeXyrOJIbHuKa, Or(paHH4eHHOro JMHVAMH u=0, u=a, 

Lil, Bibel, 
6) [lokaxute, 4TO IpAMOM resIMKOUA HasIOx%KUM Ha KaTeHOU C OOpa3yroller 

u+su? + a? 
r=,'u + a4 y=0 a 


flu,v) = (acosv:asinv: wu) 
18. [an mpamMow KpyroBou WMIIMH Ap 
1) Baraucimte ero TepByto KBaypaTu4Hyro (opMy. 
2) Hatigute yror MexKTY KOOPAMHaTHbIMH JIMHUAMH Kak (PYHKIUMEO TOUKH. 
3) CocTaBbTe ypaBHeHHA JIMHUM, Mepecekarollux OOpa3yromive 10], MOCTOAHHBIM YIJIOM. 
4) Hatiyute ypaBHeHie OPTOTOHaJIBHBIX TpacKTOPHH CeMeHCTBAa JIMHUM 


u* + vu = const 


w= -bay 
5) Barancsmte M1owayb TpeyrosIbHuKa, OTpaHH4eHHO!LoO JIMHUAMU 
a= 
6) Jlokaxute, TO IPAMOM KPyrOBON WMIIMHApP HallOx%KUM Ha IIJIOCKOCTB. 
19. IIpencrapneHue nceByocdepbl UMeecT BU 
rlu,v) = (asnucosv:asinusinv: a(ntg oe uj), wx a/2. 
. 2 
1) Bsraucamte ee nepByt0 KBaypaTH4Hy!o (OpMy. 
2) Havigute Ha ricepyochepe IMHUH, MepeceKarollue MepuAMaHbI 10], MOCTOAHHBIM 
YI'JIOM (JIOKCOJIDOMBI). 
3) Hatigute miomlaib NOBepxHocTH MceByzocdepsl. 
P= olan 5 (uwi,01), (uz, Vz}. 
4) Beraucimte WIMHYy yr MANU MexK LY TOUKaMU 
rlu,v) = (acosucosv,asmucosv,asinv). 
20. Jjana cepa 
a) Hawyute ee lepByrO KBayIpaTH4Hy!o (OpMy. 
6) Hanummte ypaBHeHua OPTOrOHaJIbHbIX TpaeKTOpHM CeMeHCTBa JIMHHM 
u— v= const 


B) CocTaBbTe ypaBHeHHe JIOKCOAPOMBI - JIMHUM Ha Cbepe, KOTOpasd MepeceKaeT 
MepHJMaHbI OJ] MOCTOAHHBIM YIJIOM ek. 


§4. 3aqa4un 0 KPHBH3He Ha NoOBepxHoctTHn. BHyYTpeHHAA 


reoMerTpua TOBCPXHOCTH 


Bompochi Teopun 
Bropas kBaapaTu4nad (opMa NOBepxHOCTH. KpuBu3Ha peryJIApHOH KPUBOH Ha 
moBepxHoctTu. Teopema Mente. HopMaiibHad KPHBH3Ha MOBeEPXHOCTH B JaHHOM 
HalipaBlieHun. Colpnkacarolluiica TWapadouOuy U THIbI TOUeCK Ha MOBepXHOCTH. 
[ aBHble KPHBH3HBI HU MiaBHble HalipaBJICEHHA MOBePpXHOCcTH B ToUKe. IlouHasa (rayccoBa) 
MW CpeJIHAA KPHBU3HbI WOBepxHocTH. IloBepxXHOCTH MOMOXKUTEIIBHON, HYJICBON U 
OTPHIaTeIbHOM TaycCOBOHM KpUBU3HBI. []oBepxXHOCcTH NOCTOAHHON (MOO%#KXUTeIBHOM U 
OTPHIaTeIbHON) rayCCOBOM KPpUBU3HBI. JlepuBalMOHHbIe (OPMYJIbI HW CHMBOJIbI 
Kpuctoddesa 1a WOBepXHocTH. OCHOBHbIe ypaBHeHHA TeOpuu MOBepXHOCcTeH. 
Teopema bouue. I eoae3sv4eckad KPHBU3Ha KPHBON Ha NOBepxHocTH. | eoyesu4eckue 
NMHUM Ha WOBepxHocTH. CBoricTBa reoyesuyeckHx. IIpumeppi reoyesu4ecKkux JIMHUM Ha 
ITIOBeEPXHOCTAX. CyleCTBOBaHHe U CJIMHCTBEHHOCTh reoye3vy4ecKkon, MpOxoAMen Yepe3 
AHH YFO TOUKY MOBeEPpXHOCTH B JJaHHOM HalipaBlIeHun. Peamu3alluu reoyesHuu4ecKkux B 
3ayjauax (u3nku. [lonsaTue BHYTpeHHeM FeOMeTpHU NOBepxHocty. Ieoye3u4eckHe JIMHMU 
MW rayCccOBa KPHBU3Ha Kak OOBECKTHI BHYTPeHHeM reomMetpuu. Teopema [aycca - bonne. 
JledexktT reoye3su4eckoro TpeyrosbHHKa UW TONONOIMY4ecKad HHBAPWHaHTHOCTh 
UHTerpasIbHOK KPHBU3HBI. 
OcHOBHBIe OlpeeJIeHHA, Pe3yJIbTaTbI, KOMMeHTAapun 
Bmopou Keadpamuunou ~opMou MOBEPpXHOCTH Ha3biBaeTcsA BbIPAaxKeHHe 
Il =—(dr,dn) = (d*rja) = Ldu? + 2M dude + N dv’, 
e 
rye m- CHMHUYHbIM BEKTOP HOPMalIM MOBeEpXHOCTH B ee TOUKe, a KOIMMUIMeCHTHI 
LL, M,N 
UMEeIOT BbIPaxKeHHe 
E = (fun 7), M = (Fuv,8), N= (ot). 


, Y 
Ha nopepxuHoctu Gpaccmotpum € *- perysiapHyto KpuByto — (puc. 26), 3aqaBaemyto 
“u= us}, v= 4u(s) 

BHYTPeCHHUMU ypaBHeHHAMU , rye s- eCTECTBCHHbIM Mapametp 
KpHBOH. MU3BecTHO, 4TO BTOPad MpOH3BOHAA padWyc-BeKTOpa TOUKN KPHBOU paBHa 

ii + 

F'(s) = kv 

; Tora 
(F"(s), 7) = k(2,7) = kos ¢.(7) 


37ecb —- yYrOJI MeXK Ty BeKTOpamu Pu nm. C Wpyrol cCTOpOHbI, uMeeM 


P'"(s)=r,,u *"(s) + 2r,,u (si (s) + 7,0 *fs) +e ets) +r" (9). 


e Puc. 26. K reopeme Mente 
pa (ena) 
IloqcTaHosKa B (7) C y4eTOM TOLO, 4TO , IIPHBOJIMT K paBeHCTBYy 
II Ldu* + 2Mdudv + Ndv* 


a i ag lA dll ical“) 
ise Ta ee ean (8) 


(du: du) 
IIpaBaa 4acTb ypaBHeHua (8) 3aBUCHT TOJIbKO OT HanpaeileHuA KPUBOH B 
JJAHHOUM TOUKE HU Ha3bIBaeTCA HOPMAIbHOU KDUBUZHOU NOBEPXHOCMU 6 OAHHOU MOUKE 6B 
a 
OQHHOM HanpaejleHuu U OOO3HAaAdaeTCA . PaBeHcTso (8) npHHuMaet dopmMy 
ky, = bcos @ 
, KOTOpad HOCHT Ha3BaHHe meopemol Menve. Jia HOpMasJIbHOrO CeYeHHA 
= i fo 
IIOBepXHOCTH B JJaHHOM HallpaBJIeHuu , HW HOTOMY , rae &- kpuBu3na 
HOPM@aJIbHOrO Ce4ueHH A. 
Jlanee OyeT BBeeHO "KBaspaTH4HOe NpHOMKeHve" POPMbI NOBEPXHOCTH B 
OKPeCCTHOCTH TOUKH - Tak Ha3bIBaeMBIN COMpuKacarollMiica Napadosony. B Kax OM 
KOHKPeTHOM CJly4ae OH MOXKET OKa3aTbcd THMeEPOOJMYeECKUM JIM IVIMNTHYeCKUM 
TapaOoJIOUJIOM, a TakK?2Ke He HCKJIIOUeHO CFO BbIPOXKTeHHe B MapadouM4eCKHH WHJIMH Ip 
WJIM TJIOCKOCTb. 


Pi 


Ilyctb @- 7BaxbI HelIpepbiBHO ZuddepeHitupyemMad MOBeEpXHOCTE, - pa3JIM4Hble 
TOUKH Ha WOBepxHocTu | (puc. 27), u L'- napadonony, KacaroljMica NOBepxXHOcTuH |B 
TouKe FP. 


p> 


fp | ON 


e Puc. 27. ColmpukacatommMica NapadosIOny WOBepxXHOcCTHu 
e I[lapadDonouy EL Ha3biBaeTca ConpUuKaCaIOWUMCA NAPAbOMOUOOM MOBeEPXHOCTH B ee 
TouKe /, eCJIM BbINOJHeHO COOTHOIIeHHe 


— dist(Q,U) 
th, SE ii, 
9—P dist(Q, P)? 


z= f(z,y) 


e IIpenmou02%«uM, NOBeEpxHOCTb pesicTaBAeT COOOK rpaduk PyHKWHu 
ToL eel 
IIPOXOJAIMM Yepe3 HayallO KOOPJMHAT Tak, YTO HOPMAJIb MOBEPXHOCTH B TOUKe 
COBMasaeT C OCbIO allmluKaT. CorsacHo TeopeMe O HeABHOK (YHKIMU, 9TOTO BCerya 
MO2KHO JOOMTECHA BLIOOPOM NOAXOAAMeH CHCTeMBI KOOpAMHAT WIA C=-perynapHori 

z= f lee ’ y) 


moBepxHoctTu. Pa3snarad 10 PopMyse Tensopa PyHKIIHIO , UMeeM 


z= = (a2* + Qbry + cy?) + E(z,y)(2° + 9°), 
e 
lims?+y?—0(z,y) =0 
e rye . [orga HeTpyHHO TIpoBepHTh, 4TO ypaBHeHHe 
z= 5(ar* +2bry + cy*) 
ABJIACTCA yOABHEHHeM COTIpHKacarolleroca Napadosonza 
; (0,0, 0). 
JJAHHOU MOBeEpXHOCTH B TOUKe 
e Ilepppre u BTOpble IpOU3BOTHbIe KOOPAMHAT B PUKCHPOBaHHOM TOUKe OJJMHAKOBBI Y 
IMOBEPXHOCTH HU ee CompuKacatomleroca Napadosonya B STO TOUKe. IlosTomMy 
conpukKacarolluiica WapadosIOuy UMeeT Te 2#Ke TEOMETPHYeECKHe XapaKTepUCTHKH, 4TO U 
MCXO{Had MOBEPXHOCTS B JaHHOM TOKE, eCJIM 9TH XapaKTeEPHCTHKH BbIpaxKaroTca Yepe3 
KOIMMUMMEHTHI NHepBOH HU BTOPOH KBayIpaTu4HbIx (opm. IloBopoTom ocel KOOpAMHAT 
MO2XKHO MIpHBeCTH ypaBHeHue COMmpuKacarolllerocad Napadouonya K BUY 


1 7 a lp 
— 5 (kit + Roy”). 


O 
e HatpaBieHuad KOOpAMHAaTHBIX OcenH Cru : , PW KOTOPbIxX ypaBHeHHe 
conpukKacatlolleroca NapadosOn ya UMeeT TAKOM BU, Ha3bIBaIOTCA 21d6HbIMU 
Hanpaéelenusmu. HopMasIbHble KPUBU3HBI, BBIMMCJICHHBIe B PIaBHbIX HallpaBJIeEHHAX, 
Ha3bIBaFOTCA 2IABHbIMU HOPMQIbHbIMU KPUGU3HAMU TIOBEPXHOCTH B aHHOU TOUKe. 
Bpranciiaa 10 TeopeMe MenHbe HOpMasIbHY!0 KPUBH3HY COMNpvKacarollleroca 
Tapadououyja Kak (PYHKIMIO HalpaBsIeHuA, AMeeM 


k., = gE coeient Da Sry 
dr + dy? 


k: 
TakMM 00pa30M, HOpMaJIbHad KPHBH3Ha B HalipaBJIeHHu OCH Cr paBHa , HOPMasIbHasa 
KPHBH3Ha B HalipaBJIeHHu OCH paBpHa . OOo3HayUB 3a ~—syr OJ, OOpa30BaHHbI 
(dr : dy) 
HalipaBJICHHeM Cc ocbIO Ox, 43 (9) TomryauM meopemy Juepa: 
ky = ky cos? uv: + kos? 2. 
e 
Ucnomb3ya TeopemMy Iiiiepa, HeTPyIHO OKa3aTb, UTO PIaBHbIMU ABJIAKOTCA Te 
HalipaBJIeHuA, B KOTOPbIX HOPMasIbHad KPHBU3HA JIOCTHTaeT IKCTPCMYMOB. 
JIMHUA Ha MOBEPXHOCTH, HalipaBsIeHHe KOTOPOH B KaxK]OM TOUKe ABJIACTCA PIaBHbIM, 
Ha3bIBaeTCA JUHUCU KPDUBU3HbI. YCIIOBUC IKCTPEMYMa HOPMAJIBHOM KPUBU3HBI B 
(du : du) 
HallpaBJIeHuu MOXKeT ObITb IpHBeeHO K BUY (OOpaTuTe BHUMaHue Ha 
MOpaAOK ciueqoBaHua WuddepeHiMaos!) 


du*  —dudu du? 
E F G | =0.(10) 


EciIM OMpeesIMTesIb paBeH HYJIFO TOXKJECTBCHHO, TO B J@aHHOM TOUKEe BCe HallpaBJICHHA 
TIaBHble. ITO O3HAYaeT, ITO HOPMAJIbHad KPHBU3HAa TOBEPXHOCTH B WaHHOM TOUKe 
IMIOCTOAHHA UH HE 3aBUCHT OT HalipaBsIeHHa. Ecau HOPMaJIbHad KPUBH3HA B TAaKOM TOUKe 
OTJIM4HA OT HYJIA, TO TOUKA Ha3bIBaeTCA WaposBoU, UIIM OMOUMUYECKOU. 
Compukacarolniica NapadoJsIOuy B TaKOM TOUKe ABJIACTCA WapadosJIOUJIOM BpallleHHs. 
Ec HOpMaJIbHad KPHBU3Ha B JJAHHOM TOUKE BO BCeX HallpaBJICHHAX PaBHa HYJIFO, TO 
TOUKA Ha3bIBAeTCA MOYKOU YNOWeHUA, A COMpPNKacarolluicd NapaoOoNOU] BbIPOKTaeTca 
B IIJIOCKOCTb. 

Bo Bcex OCTaJIbHBIX CIIy4asx ypaBHeHue (10) uMeeT Ba KOPHA- ruaBHbIxX HalipaBIeHHA, 
KOTOpble WaroT WuddepeHuMalIbHble YpaBHeHHA JIMHUM KPHBU3HEI. MoxKHO OKa3aTb, 4TO 
B OKPeCCTHOCTH JHOOOM TOUKH, He ABJIAFOWUIeEHCA OMOMIIM4eCKON TOUKON WIM TOUKON 
YIIOMLCHUA, HOBEPXHOCTb MOXeT ObITh WapaMeTpH30BaHAa Tak, YTO KOOPJMHAaTHBIe 
MH ee TapaMeTpu3alluu OyAYT JIMHHUAMU KPVBU3HBI. 

BelM4vHBl u Ha3bIBalOTCA COOTBETCTBCHHO CpedoHelu U 
2ayCCO6BOU (NOMHOU) KDUBUZHAMU TIOBEPXHOCTH B TOUKe. B ciryyae NpOU3BOJIbHOK 
TapaMeTpu3alluu CpeHAA WU WOIHad KPHBY3HbI MOLyT OBITb BBIYHCJICHBI C 
HCHOJIb30BaHHeM KOIMMUUMEHTOB NepBOH MU BTOPOHK KBalpaTH4HbIXx POpM: 


LEN —-2MF+ LG _ EN -M? 


——— eo faner enay 
ee 2 eee ae EG—F2 


, 


e 
3aMeTUM, 4TO B CHIIY NOJIOXKUTEIbHON Ope; eICHHOCTH MepBOn KBaspaTH4HOU (OpMBI, 


LN — M? 
3HaK TIOJIHOM KPUBU3HbI OMpeeAeTCA 3HaAKOM BbIPaxKeHUA 
Muoukampuca Kpueu3nol, WIM unOuKampuca JTionena, CTPpOMTCA B KacaTeJIbHOU 
IWIOCKOCTH B J@HHOM TOUKe MOBeEpXHOCTH MO cyeayrollleMy paBwty. KoopaunaTHble Ocu 
B KacaTeJIBHOM MJIOCKOCTH COBMEIIaloT C PIaBHbIMH HallpaBsIeHHaAMu. Ha sryye, 
PaciOJIO%KeCHHOM B KaKJIOM HallpaBJIeHWH, OTKIAbIBAFOT OTPe3OK, PaBHbIN BeJIMYMHE, 
oOOpaTHOM KBaypaTHOMY KOPHIO 13 HOPMaJIbHOM KPHBU3HbI MOBEPXHOCTH B ITOM 
1/WRen, 


HalipaBJICHHW, TO CCTb 


LN-M?>0 LN-M? <0 LN-M’ =0, 
HUN IMUYECKAA PUNE POORUNECKAS ENLMPTLG #0 
napabomvwecKds 


e Puc. 28. Knaccudukaina TOUeK NOBeEpxXHOCTH 

Kpome citelvasIbHOro Cily4ad TOUKU YIIOWeCHHA, pa3sIM4alOT THIIbI TOUCK Ha 
IMOBeEPXHOCTAX, NOKa3aHHble Ha puc. 28. CyllecTBYIOT IOBepXHOCTH, COCTOAIIMe U3 
TOUCK OJJHOLO, ABYX WJIM TpeX THIIOB. 

(du : du) 
Hatrpapjenue Ha peryJIApHOM MOBeEPXHOCTH Ha3bIBaeTCA ACcuMNMOMUYEeCKUM, 
eCJIM HOPMaJIbHad KPUBU3Ha KPHBOM JTOLO HallpaBsIeHuA paBHa Hy. JIMHuA Ha 
IMOBEPXHOCTH Ha3bIBaeTCA ACUMNMOMUYECKOU, CCIM B KAKO TOUKe ee KacaTesIbHad 
MMeeT ACHMIITOTHYECKOEe HallpaBsJieHue. 
U3 Teopempi Meuse u ypaBHenna (8) cilezyeT, YTO WuddepeHuMalbHoe ypaBHeHue 
ACMMIITOTHYeCKHX JIMHUM UMeeT BU 


Edu? +2M dudu + Ndu? =0. 


LN — M? 
B 3aBMCHMOCTH OT 3Haka JIMCKPHMMHaHTa , STO KBajIpaTHOe ypaBHeHue 
MO2KeT MUMeCTb OJIMH WIM Ba KOPHA - ACHMIITOTHYCCKHX HalipaBIeHHA, WIM He UMeCTb 
KopHent. Hanmune KOpHA NOCTAaBIIAeT OOLIKHOBEHHOe JMMpepeHiMasIbHoOe ypaBHeHue 
IepBOro WopsAyKa, yKa3aHWe TOUKM MOBeEPXHOCTH 3aaeT HavaJIbHble YCIIOBHA JIA ero 
pemenusa. TeopemMa cyllecTBOBaHHA UW CMHCTBeCHHOCTH pemlenua 3ayaun Koum 1A 
OOBIKHOBeEHHOLO AUMepeHuMaIbHOTO ypaBHeHHA MepBoro NOpAAKAa, JOKa3bIBaeMad B 
Kypcax MaTeMaTHYeCKOLO aHali3a, IPUBOJMT K CiIeyIOWeMy reOMeTpH4eCKOMy 
pe3yubTaTy. Ha noBepxHOCcTH, COCTOAIMIeH 3 IVIMMNTHYeCKUX TOUeK, JCMCTBUTCJIBHBIX 
ACMMIITOTHYeCKHX JIMHUH HeT; Ha 
IMOBe€pXHOCTH, COCTOAIMIeH U3 TunepOoMM4eCKUX TOUeK, HMeeTCA ACHMIITTOTHYCCKAA CCTh; 
Ha MOBeEpXHOCTH, COCTOAIMIeH U3 NapadouM4ecKHX TOUeK, He ABJIAIOWUXCA TOUKAMU 
YIIOM,CHUA, Yepe3 KaxKTYHO TOUKY IpOXOAUT eMHCTBeCHHad ACHMITOTHYeCKad JIMHHA. 


) a 
PaccMoTpyuM Ha €)*-perylapHoii noBepxHoctu PKpuByro  xKyacca C*. Ilycrs F- 
€IMHMUHbIM BEKTOP KacaTesIbHOM K ITOH KPUBOM B TOUKe FP, A- CXMHMUHbIM BEKTOP 


Y 
HOpMasIM MOoBepxHocTH ©B TouKe P, ki- BeKTOP KPpHBU3HbI KPHBOM BTOUKe P, s- 
fig =x? 
eCTeECTBeCHHbIN MapaMeTp KpHBOH. BBoA BeKTOp , MOJIYYMM WpaBbii 


OPTOHOPMUpOBaHHbIM Oa3Hc . Pa3uiarad B 9TOM Oa3HCe BEKTOP KPHBU3HbI kr, 
ki = arig + Gn, p= (kr,n) = k,- 
WMeeM rye TakuM 00pa30M, HOpMasibHad KPUBU3Ha 
T 


MOBeEpXHOCTH |B HallpaBJICGHHW KPUBOH — eCTb MpOeKIIMA BeEKTOPa KPUBH3HBI ITOU 
KpHBOH Ha HalipaBsIeHve BEKTOpa HOpMalIM TWOBepxHocTH. Kosdduuent 

a = (kit, ity) = (kit, 7,7) keg 7 

Ha3bIBaeTCA 2200e3UUECKOU KPDUGU3HOU  KPUBOW  B TOUKe 
P. Teoyesuyeckad KpHBH3Ha KPHBOM Ha MOBEpXHOCTH MOKET ObITb BEIYMCIIeHAa B 
kg = (r’ [SJ a (s),7). 

€CTeECTBEHHOH MapamMeTpu3alnu 10 POpMys1e 
IT eode3uveckou JUHUeU, WIM MpOCTO 2eode3uYueCcKOU, Ha3blBaeTCA JIMHUA, Feowe3uueckad 
KPHBU3Ha KOTOPOH B Ka2xKION ee TOUKe paBHa HYJILO. 
MHbIMH CIOBaMH, Feode3sv4ecKad - 9TO KPUBAA, HallpaBJIEHWe KOTOPOH B KaxKON ee 
TOUKe COBMalaeT C HallpaBJIGHHeM HOPMAJIbHOTO CeYeHHA MOBEPXHOCTH. 
Hanpumep, H3BeCTHO, 4TO HOPMaJIb NOBEPXHOCTH BpallleHuA NPUHAIexKUT 
IWIOCKOCTH, COJlepKalllen OCb BpatjeHua. [looTOMy HOpMalIbHble CeUeHHA MOBEPXHOCTU 
BpallleHHA MJIOCKOCTAMH, MpOXOAMIMMU Yepe3 ee OCb, ABJIAIOTCA TeOe3M4eCKUMH (pu. 
29). 


e Puc. 29. OceBoe ceyeHve NOBEPXHOCTH BpallleHuA 
MoxHo O0Ka3aTb, YTO Yepe3 KaXKTyIO TOUKY C=-peryApHo MOBeEpXHOCTH MO2KHO 
IIPOBeECTH Treo e3H4eCKYIO JIMHUIO, UW MPHTOM eJMHCTBeHHYLO. 3aMedaTeJIbHbIM 


CBOHMCTBOM reo ye3H4UeCKON ABJIACTCA TakK2Ke TO, YTO ecm TOUKH Pu reonwe3u4uecKkon 
NMHUM JOCTAaTOUHO OM3KU, TO Tyra STON JIMHMM ABJIAeCTCA KpaTuanilen cpeyM BCex yr 


KPUBbIX Ha JAaHHOM MOBeEpXHOCTH, COeTMHAOIIMX TOUKH Pu 
AHasIoromM (opMys! DpeHe KPHBOU ABIIAIOTCA OEPUBAYUOHHoIe QOopMy.1bl 
IIOBEpXHOCTH: 


fee = lijfe tli, t+ on, 
i = Pia Fx + las ae + On, 
i | ‘ie 2 AF es T, ad n, 
he Spies, 4e fea Py + “YI n, 


Thy = 2 fe - Be Fy a 2 ii. 


Tak KaK f- C]]MHHUHbIM BEKTOP, TO Lia hea M3 2Byx MociIeqHux ypaBHeHuu 
HeTPyHO NMOJIYAUTh, 4YTO 
a _MP-LG 3 _ iP-ME Fe _NE-MG 3 EES Bee 
" BG P2? °°” EG F2" *” BG F2° °*” EG  F2° 


- ee oe 

3 yYpaBHeHHH JIA BTOPbIX IIPOU3BOJIHBIX CieyeT, 4TO 
ie 

KoodduieHTbl Ha3bIBaroTca cuMeolamu KpucmogddeiA WOBepxHOCTH. 
HecsI02KHbIM, HO BECbMa FPOMO3JIKHM BbIYHCJICHHEM MO?KHO TOKa3aTb, YTO CUMBOLIbI 
Kpucmoqg@q@eaa 6bipastcariomca MosbKO Yepe3 KOIG@quyuenmbil nepeou KeaopamuyHou 
dopMbl u ux nepéeble YaCMHbIe NPOUZBOOHDIE. 
Ec MoBepxHOCTs H ee HapaMeTpu3allua ABIIAIOTCA C’*-peryApHbIMH, TO HMEIOT 
MECTO CJI€YIOMMe ypaBHeHHA CBA3H MEXK]Y KOIPDUIMeHTaMU MWepBou U BTOpoH 
KBaJIpaTHYHbIX (OPM MOBEPXHOCTH, Ha3bIBACMble OCHOGHbIMU YPA6GHEHUAMU MeopuU 
noeepxHocmeu. ITO ypaeHenusa Ilemepconua - Kodayyu: 


E F G 
[kG FAL — (EN GL-—IMPYE,—F)+| ze, # G, |= 
L M N 
bo on Ie 
Bre a ae eer ye One 7 iret eee tae (elena eed | 
L M N 
MW ypaenenue | aycca: 
; bo iF ve 
a 2 Se ee, |e 
4(EG-F?)} oY pg 


+5 VEG—F* 


By — Py fy —Gy 
( VEG-F" ) a ( VEG—F7 ) « 


V3 yYpaBHCHuA Taycca CIeAyer, ATO VOJIHAA KDHBH3Ha MOBCPXHOCTH BbIpaKaecTCaA Tepes 


KOS@MUUMEHTHI WeEpBOM KBapaTHYHOM (POpMBI. 
Oxka3bIBaeTca, JIPYrUxX CBA3eCH MOXY MepBOHK UM BTOPON KBaypaTH4IHbIMU (POpMaMH HeT, 
Kak yTBepxKaeT meopema BonHe: ec B OTKPbITON OOacTH (Ha WIOCKOCTU 

u,v 
IIePCMCHHBIX 3aJ[aHbl JIBe KBaypaTH4Hble (POPMBbI, U3 KOTOPbIX WepBaA 
MOJOXKUTEIBHO OlIpeseeHa U ee KOIPPUUMEHTHI UIpHHaexaT Kaccy C-,a 
KOIpPUUMEHTHI BTOPOH POpMEI UpHHawiexat Kaccy © +, u mpuTom KosppuUMeHTHI 
3aJJaHHbIX (OPM YOBJICTBOPAIOT ypaBHeHuaM IleTrepcona - Konan u Taycca, To 

(u,v) ED cD 

Kak ad TOUKAa oOaqaeT OKPeCTHOCTBIO , TAKOH, ITO ONpeyseeHO 
BlOoKeHHe F: $1 = Bs, 3ayaromlee MOBepxHocTs Klacca ©*, WIt KOTOPOM TaHHEIe 
KBapaTH4Hble (OPMBI ABJIAKOTCA COOTBETCTBCHHO TlepBOM HW BTOPOM KBaIpaTH4HbIM 
(pOpMaMH. ITa NOBEPXHOCTh €JMHCTBeEHHA C TOUHOCTHIO JIO WepeMelleHHA. 
K 6uympeHHeu 2eomempuu nNobepxHOCMU OTHOCAT Te TEOMeTPHYeCKHe XapakTepUCTUKU 
IOBeEpXHOCTH, NOHATHA U Pe3YJIbTAThI, KOTOPble OlIpeeUAIOTCA MepBOH KBaypaTH4HOHK 
(bopMou. OObeKTaMU BHYTPeHHeH TEOMCTPUU ABIIAIOTCA JIMHbI KPUBBIX, WWIOMAaIH 
oOuacTeH, YrJIbl MEXKTY KPUBbIMH Ha MOBeEPXHOCTH, a TakxKe reoyje3u4ecKkad KPHUBU3HA 


KPpHBOHM Ha HOBeEpXHOCTH, CHMBOJIbI Kpuctroddea u NOAA KPUBH3Ha NOBeEpXHOCTH. 
OObeKTHI BHYTPCHHeM TeOMeTPHU OCTAaIOTCA HEH3MCHHBIMH Ip HW3OMeTPHAX. 


"Y ) 
Ilyctbh -- €°*-peryiapHas 3aMKHyTad KpvBad Ha MoBepxHocTu &, orpanvunBaromlar 


OOacTB E , TOMeEOMOPOHY!0 Kpyry. Torya clipaBeqJIMBO COOTHOMeHHe 
f keds = 11 — [[ Ke, 
. 2 
rye ds- ICMeCHT JJIMHbI yr KpHBOK | da- 9JIEMeHT NOWaqu OOacTu : . ITO 


COOTHOIMIeCHHe COCTAaBJIAeT COLepxKaHue meopemol [ aycca - bonne. UnTerpal B ipaBou 


YacTW ypaBHeHHA Ha3bIBaloT UHMe2paibHOUu Kpueu3HOU Obsacmu _. JIA KyCOUHO- 
perysIApHOM KpuBONM, OOpa3yrolleH Ha MOBeEPXHOCTH KPHBOJIMHeCMHEIM Mm-YyrOJIbHUK CO 


Vigs ssa Vom Ls... , hm 
CTOpOHaMu , Y'JIbI KOTOPOrO paBHBI , Teopema I aycca - boHHe 


MMeeT BHI: 
>| kgds + ye — a;) = 20 — [ | Kee. 
i=] = i=] 7 7 


B YaCTHOCTH, WLI reOe3suy4eCKOroO TpecyroJIbBHikKa UMCCM 


Oy tastag—a= [| Kao, 
a 
A >O0 


TO €CTb CYMMa YIJIOB reOe3H4ECKOLO TpeyroJIbHuKa OobINe W, CCU ,u 


K< 
MeHbIIe W, CCIM 


Ilyctb ©- 3aMKHyTad OPHeEHTUpyeMad MOBepxHOcThb. I pvaHrysMpyem ee Ha 
Ty “jo4ee fi 
reoye3v4eckHe TpeyroJIbBHHKH . Lorya Wd KaxK TOTO H3 STHX THe yrOJIBHHKOB 


UMCeCmM 
Orr] + ky 2 + ast = / | Kao. 
e Q 


CyMMupys 110 BCeM TpeyrOJIBHHKaM TPvAHTyALHU, WOJYIMM 
f 


S (ai + aj2+ iz) -—af = [| Ke, 
IJ 


t= 


rye | YUCIO TPCyYrOJIBHUKOB TpHvaHrysAWun. CyMMa yrIOB TpHaHryJIAWMH B JIEBON 
yacTW ypaBHeHHA paBHa 2av, rie v- 4ACIO BeplIMH TpvaHryAWMu. 3aMeTuM, 4YTO 
Kaxkad 13 CTOPOH ABJIACTCA OOMeH WIA JBYX IPMMbIKarOllux TpeyrOJIBHUKOB, HOSTOMY, 
etl 
eCJIM e€- 4UCIO pebep TpuaHTyIAlHu, TO . Torga 
anu —af =a(2u — f) = aa(e—et+ f) = 2ax(P) 

. OTcroyla cileqyeT ypaBHeHue, 

CBA3bIBAaFOlee IMWJIEPOBY XaPAaKTePHCTHKy MOBEPXHOCTH U ee MHTerpasIbHY!O KPUBU3HY: 


anx(b) = ff Kde. 
: Takum 00pa30M, UWHMeepalbHaA KPUBU3HA 3AMKHYMOU 

Opuenmupyemou noe6epxHocmu - MOnoO2uUUueCKUU UHEaApUaHM. 
3aqaun 
1. J[s1a KaxkK ON U3 JaHHbIX MOBeEPXHOCTeH BBIMMCIIMTe BTOPyrO KBaIpaTH4yHy!ro (opMy, 
Hav uTe rayccoBy HU CpeHIO!O KPHBU3HBI, a TaKxKe PlaBHble HalipaBJICHHA U rylaBHbIe 
KPHBU3HbI ITOM MOBeEpXHOCTH B Hadasie KOOPAMHAT: 

oe z=ar + by 
a) ; B) 

2 ae 
0) ;T) ee. 
2. Haute riaBHble KPUBU3HbI MOBeEpXHOCcTH: 


a) - Touxke (1,1,1); 
z= faa fp 
0) B TouKe (0,0,0). 
3. BaraucaMtTe BTOpyro KBayIpaTH4uHy!ro (opMy: 
r=aAcosUCcOst, Y=aAcosSusML’, F=— asin: 
a) cbepbl 
£=flujcosy, y=flujaine, z= glut: 

6) HOBeEpxHOCTH BpallleHHA 

fees — ret ee a 
B) KpyrOBOro IIWIMH pa 5 

r=Ucosy, Y=usN, F= ow 
Tr) BAHTOBOM MOBepxXHOCTH . [Ipopeyqute 
Kiaccu@ukall{Hio TOUCK yKa3aHHbIx WOBepxHocten. HarmmuutTe 7ud@depeHuMasIbHBIe 
ypaBHeHHA AaCMMIITOTHYeCKHX JIMHMH. Tam, rie 3TO BO3MOXKHO, YKAKUTe ABHBIM BUI 
ACMMIITOTHYeCKHX JIMHMK JIMO0 WOKaxKUTe, YTO UX HET. 
Plu,v) = (acosucosv,acosusinv,¢csin wu) 
4. law ssmcony . Hawvyute ero BTOpyto 
KBaypaTH4Hy!0 (OpMY, 1aBHble KPHBU3HBI B TOUKAaX, PaciOJIOXKCHHBIX Ha IKBATOPE. 
Uccieayute xapakTep TOY¥eK JaHHOM MOBeEpXHOCTH HU WpoBepbTe, 4TO KOOpAMHATHAA 
Ce€Tb ABJIACTCA CETbIO JIMHHM KPUBU3HBI. 
5. J|uia WaHHBIX MOBeEpXHOCTeH BEIYMCIIMTe BTOPy!O KBapaTH4Hy!o (opMy, HaliUTe 
CpeJTHIOKO KPHBU3HY HU UCCeyHTe XapakTep TOUeK: 
r(u,v) = (acosv,asinv, w) 
a) KPYrOBOM WHIMH Ap 
rlu,v) = (uwcosv,usin v, cu) 


0) IpaxAMOM KpyroBon KOHYC . YK@KUTE JIMHHM KPUBU3HBI 
MIPOW3BOJIBHBIX WMJIMHAPW4ecKOH UW KOHMYeECKON NOBEpXHOcTen. 
=i 
+ 
yiF= Fu) 
6. JjaHa NOBepxHOCTh, 0Opa30BaHHad KacaTeJIBHbIMU K KPHBOM , rye u- 


€CTCCTBeCHHBIM Napametp. BarauciutTe BTOpy!o KBapaTU4Hy!lo (OPMy MOBepXHOCTH, 
Hav UTe rayccoBy HU CpeHIO!O KPHBU3HBI, a TaKxKe TlaBHble HallpaBJICHHA U rylaBHbIe 
KPHBU3HbI ITO MOBeEpXHOCTH. 


Fu,v) =a(u) + B(v). 


7. JlaHa NOBeEpxXHOCTh MepeHoca Hanyute ee BTOpyto 
KBapaTH4Hy!0 (OPMY HU BBIMHCIMTe MOJIHY!O KPHBU3HY. 


r=asinvcosu, y=asmvsinu, * =alcosv +Intg(v/2)) 
8. JlaHa icepyocdepa , 
BbrucIMTe MOJHY!O U CpeHIOKO KPHBU3HBI iceByocdepsl. IIpopequte kiaccndukall1o 
TOUeK ceBsOcdepsl. 


rlu,v) =((a+bcosv)cosu: (a+ bcosv)sinu; bsinv) 
9. law Top ; 
BsrancMte ero TepByrO HU BTOPyrO KBaIpaTHYHble (OPMBI, WIOMWMAaTb U IpOBeuTe 
Kiaccuukato ero ToueK. [lokaxuTe Ha pUCyHKe MHOKECTBA IIMNTH4eCKHX, 
TrunepOosmueckux UW HapadosM4ecKuXx TOUeK Topa. 
e 10. Hatiyqute riaBHble KPHBU3HBbI U riaBHble HallpaBJIeHHA MpAMOrO resMKOnN Aa 
T=Ucosv, Y=usinv, z= aw: 


OKAKUTE, UTO 1aBHble HallpaBJICHHA JCAT 
TOMOaM YrOJI MEXKTY BUHTOBbIMH JIMHHAMH VU TIpAMOJIMHEHHBIMU OOpa3yIOlMMH. 
Haviute JIMHWM KPUBU3HbI BAHTOBOUM MOBeEpxXHOCTH. 

e 11. Jjana mmHeiuatas MOBepxXHOCTh, 0Opa30BaHHad TIaBHbIMM HOPMaJIAMU 

; me Sk ; i 
IIPOCTpaHCTBeHHOH KpUBOM rye w- CCTCCTBCHHBIN WapaMeTp KpHBoH 
Haitaute BTopyto KBayIpaTH4uHyro (POpMy AaHHOM MOBepxXHOCTH U BEIYHCIIMTe ee MOJIHYIO 
MW CpeJIHIOIO KPHBH3HBI. 

e 12. Hatiyqute MHuM KpUBU3HbI MOBeEPXHOCTH BpallleHHs. 

e 13. JlokaxutTe, 4TO payMyc reoye3su4ecKON KPUBUB3HbI (BesIM4MHA, OOpaTHad 
reoe3H4ecKON KPUBU3HE) MapasiesM MOBeEPXHOCTH BpallleHHA PaBeH OTPe3Ky 
KaCaTeJIbBHOM K MepH Many, 3aKJIKOUCHHOMY Mex Jy TOUKOM KacaHus HU OCbIO 
IIOBepXHOCTH. 

e 14. Hatiyute reozesuyecky!0 KPHBU3HY OKPyKHOCTH payuyca rHa ciepe panuyca fi. 

e 15. Jlokaxute, 4To reoje3su4eckve JIMHUMM IJIOCKOCTH - IIpaAMble, reoyesu4eckue JIMHUM 
cepbl - OKpyKHOCTH OObIIMX KpyroB. MookKHO JIM WOKa3aTb ITU (aKTHI 0€3 
HUCHOJIb30BaHHA (POPMYJIbI FeOe3H4eCKON KPUBU3HBI? 
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